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Abstract

R

Spin foams provide path integrals for quantum gravity, which employ dis-cretizations as regulator. To
obtain regulator independent predictions, we must remove these fiducial structures in a suitable refinement
limit. In this chapter we present the current state of research: we begin with a discussion on the role of diffeo-
morphism symmetries in discrete systems, the notion of scale in background independent theories, and how
we can consistently improve theories via renormalization to reduce regulator dependence. We present the
consistent boundary formulation, which provides a renormalization framework for background independent
theories, and discuss tensor network methods and restricted spin foams, which provide concrete renormaliza-
tion algorithms aiming at the construction of consistent boundary amplitudes for spin foams. We furthermore
discuss effective spin foams, which have allowed for the construction of a perturbative refinement limit and

an associated effective continuum action.
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Spin foams construct non-perturbative path integrals for quantum gravity, which implement a rigorous
notion of quantum geometry. Such path integrals require however a regularization, which for spin foams is

implemented via a discretization.
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This regulator has to be removed in order to obtain sensible amplitudes, which do not depend on arbitrary
discretization choices. That is, we have to determine the refinement limit. This can be implemented via
renormalization algorithms, which organize this enormous computational challenge into iterative steps and

allow for truncation schemes.

AR FRIZIE N 7 REAS B MK E R B AR A S BEIRIE, R, BAIFRZEMmERsL
PR, X AT DUEIE SR RIASCEE, I BIRR X KRR T RXER R o B RP IR, FF ARVFEE I
UIFE R

This chapter is organized as follows:
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Section “Basics of Regge Calculus and Spin Foams:” provides some basic background on Regge calculus

and spin foams needed for the following discussions.
“HAMAR S B HEEREMT — 75 IREUS LTI RR A A 5 B FEE IR A R AR,

Section "The Need for Renormalization: Restoring Diffeomorphism Symmetry:” discusses why con-
structing the refinement limit is indispensable in order to restore diffeomorphism symmetry and to obtain
discretization independent amplitudes.
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Section "The Notion of Scale and Renormalization Flow of Couplings in Diffeomorphism Invariant Sys-
tems:” explains how to define a notion of scale and renormalization flow of couplings for background inde-

pendent theories such as spin foams.
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Section "The Consistent Boundary Formalism:” sketches the consistent boundary formalism. This pro-
vides a framework to construct and express the refinement limit via a family of consistent amplitudes for
spacetime regions with finer and finer boundary data. The consistency conditions motivate an iterative renor-
malization scheme, applicable to background independent theories and preserving the locality of (spin foam)

amplitudes.
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Section “Tensor Network Renormalization:” discusses tensor network algorithms and their adaption and
application to (analogue) spin foams. Tensor network algorithms can be understood as realizing the construc-

tion of consistent boundary amplitudes.
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Section ”"Restricted Spin Foam Models:” discusses the renormalization flow of restricted spin foams,
which arises from a combination of symmetry reduction and semi-classical approximation from the full spin

foam models.
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Section "Effective Spin Foam Models and Their Refinement Limit:” sketches effective spin foam models

and first results on their (perturbative) refinement limit.
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Section "Concluding Remarks:” provides a short summary and comments on some open issues.
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Basics of Regge Calculus and Spin Foams
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Here we will introduce basic facts and notions of Regge calculus and spin foams.
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Regge calculus [1] is a discretization of general relativity, defined on triangulations. Its fundamental
degrees of freedom are the edge lengths of the triangulation. It is a coordinate-free theory, as we only refer
to the distances between vertices, not how these vertices are embedded. The basic building blocks of a d -
dimensional triangulation are d -simplices, which are defined as the convex hull of (d + 1) vectors in R¢ (or
R®4-D for Lorentzian signature). So, d -simplices can be embedded into d -dimensional flat spacetime and are
thus intrinsically flat. A simplex is uniquely described (up to translations, rotations, etc.) by its edge lengths,
e.g., six edge lengths for a 3-simplex (tetrahedron) or ten edge lengths for a 4-simplex. From the edge lengths
of a simplex, we compute its dihedral angles, i.e., the angles enclosed between two (d — 1) -simplices. The
angle is associated with the (d — 2) -simplex shared by the (d — 1) -simplices. Curvature in Regge calculus is



distributional and encoded in deficit angles associated with (d — 2) -simplices, e.g., triangles in 4D. A deficit
angle measures the difference between 27 and the sum of dihedral angles of d -simplices that contain the
(d — 2) -simplex. The dynamics of the theory is encoded in the Regge action, which is a discretization of the

Einstein-Hilbert action.
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Area Regge calculus [2], on the other hand, is a 4D theory that uses areas of triangles instead of edge
lengths as its fundamental variables. The 4-simplices are again intrinsically flat and determined by the values
of its ten triangle areas, i.e., the deficit angles are functions of these areas. While the number of triangles is
the same as the number of edges in a 4-simplex, for larger triangulations we have (generically) much more
triangles than edges. To formulate a theory in terms of area variables equivalent to (length) Regge calculus,

additional constraints must be imposed [3].
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Spin foams [4, 5] are path integrals for quantum gravity, defined on a 2-complex. This 2-complex is fre-
quently chosen to be dual to a triangulation. It consists of vertices, edges, and faces. Vertices are dual to
d -simplices, edges are dual to (d — 1) -simplices, and faces are dual to (d — 2) -simplices. The 2-complex
is colored with group (The groups in questions are SO(4) for Euclidean signature models and SO (3, 1) for
Lorentzian signature models.) theoretic data, which are quantum numbers encoding geometry. In 4D, irre-
ducible representations of the group, associated with the faces, encode their areas, whereas tensors invariant
under the action of the group, called intertwiners, are assigned to edges. They encode the shape of 3D poly-
hedra [6]. A spin foam model then locally assigns amplitudes to the 2-complex: vertex amplitudes to vertices,
edge amplitudes to edges, and face amplitudes to faces. These amplitudes are derived from general relativity
expressed as a constrained topological quantum field theory [7]. A frequently derived result elucidates [8-11]
the connection of spin foams to (Area) Regge calculus: in the limit where all representations are large, the
spin foam vertex amplitude is dominated by boundary data corresponding to geometric 4-simplices, and it

oscillates with the Regge action associated with the 4-simplex.
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The Need for Renormalization: Restoring Diffeomorphism Symmetry
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The spin foam approach, much like Regge calculus, is based on a discretization of the underlying space-

time manifold. Such discretizations do often interfere with diffeomorphism symmetry.

B BEEE 7155 B A A AR FAREL, & T underlying N 2SI TR B BRIL., IX KBS BILIE H 20
A RIS AR

The question whether Regge gravity features diffeomorphism symmetry has been debated in the litera-
ture [12-15]. On the one hand, diffeomorphisms have been identified in linearized Regge gravity around a flat
background [12]. Here the diffeomorphism modes are essential to obtain the correct number of two propa-
gating graviton modes in the continuum limit. Arguments have been put forward [12,14] that the existence
of such gauge symmetries should extend to the full theory. On the other hand, the data associated with Regge
triangulations do not include any obvious notion of embedding coordinates (We will see below that this is
similar to time reparametrization invariant systems, where the auxiliary time parameter also does not appear
in the description of the discrete dynamics.), on which diffeomorphisms could act. Therefore it has been often
suggested that each distinct Regge configuration defines a distinct geometry. Furthermore, Regge solutions
with curvature are typically uniquely specified by their boundary data, which speaks against the existence of

gauge symmetries.
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This debate arose due to the common, but in this context misleading, characterization of gauge sym-
metries as (local) transformations acting on the dynamical variables, which leave the action invariant [14].
Requiring invariance of the action constitutes only one condition on the action. An action with N variables

admits, locally around each point with non-vanishing gradient, (N — 1) such transformations.
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Most of these transformations act, however, trivially on configurations that define solutions of the system
[16, 17]. In fact, whether gauge symmetries have a nontrivial action or not does depend on the given solu-
tion. In the case of Regge gravity (without cosmological constant), flat solutions do feature gauge symmetries,

whereas solutions with curvature typically do not.

HR ZHOX R AN & LR GURRIM R ER 2 NLAY [16, 17] SEFR b, REXNFRIER G HBAE
FRER, R BASERR, £ CCTiER R Bays o, FHEHS A TEN R,
R a2 A

It is indeed advantageous to think of 4D (In 3D Regge gravity (without cosmological constant), all solu-

tions are flat, and diffeomorphism symmetry is not broken.)
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Regge gravity as having broken diffeomorphisms [16-18]. This can be turned into a quantitative state-
ment: if there is a non-trivial action of a gauge symmetry on a given solution, then the Hessian of the action,
evaluated on this solution, has null modes, that is, vanishing eigenvalues. Broken symmetries are character-
ized by nonvanishing eigenvalues, whose absolute values are much smaller than the absolute values of the

remaining eigenvalues.
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4D Regge gravity solutions with curvature [17], 3D Regge gravity solutions with cosmological constant
[16], as well as area Regge solutions with non-metricity [18] all feature broken diffeomorphism symmetries

in this sense.
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The same concepts apply to simple mechanical systems: by adding time ¢ to the configuration variables

B

q" , one can introduce reparametrizations as a gauge symmetry. Starting from a Lagrangian L (qB, dqB/ dt) ,

we define a new Lagrangian
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with an auxiliary parameter s . The action f i(l)Lr,-ds along a path (q(s),(s)) is invariant, if we apply a
reparametrization (q (f (s)),t (f (s))) , where f is a monotonic function with f (sy) = sy and f (s;) = s . This
holds for all paths, including solutions; we have therefore a gauge symmetry.
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Discretizing such systems typically breaks reparametrization symmetry [19,20]. This can only be avoided
by perfect discretizations [19,21].
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Such perfect (This notion is inspired by perfect actions developed for Lattice QCD [22].) discretizations
are defined to exactly mirror continuum dynamics [20, 23]: given a map from the set of variables in the
discretization to continuum observables, a discretization is said to be perfect, if the discrete solutions do agree
with the continuum solutions, as probed by the observables.
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For mechanical systems, the classical perfect action, that is, the action describing a perfect discretization,
agrees with the Hamilton-Jacobi function, aka Hamilton’s principal function [19,21,23].
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That is, consider a dynamical system with time parameter (We allow here systems with and without
reparametrization invariance. For the latter s can be identified with ¢, for the former ¢ is part of the variables,
e.g.,x° =t.) sand variables x . The dynamics is described by a Lagrangian L (x*, x4) , where x4 is dx*/ds
. The Hamilton-Jacobi function is defined as action evaluated on solutions, that is,

WEtRH, FE DN ESHRNEIFERS (BT R RN 2 REN A BAESBAAZER
At NTEE s DERT ¢, NTH1E  2ZRIN D, Bl x® =1, ), AsHZERE x4, 3l
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Sy (b 513 50) = f Le (xfhy (5) 57y (5)) d, @
(o) = x4 and x*.

|sol

where x‘?sol extremizes the action, with x%} (s1) = x4* . From this definition follows

|sol

the following important additivity property:
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Here Extr 4 F (x{) means that we take the extremum of F over the range of {x#}, . Note that this ex-

tremum is attained at xi“

«! (8z) , that is, the solution evaluated at s, .
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The action for a perfect discretization is given by

SERB LRI EH R TG H:

N-1

Sper ({xﬁ}) = Z Sty (xlr?+1’sn+1;xlr?’sn) . (4)

n=0

Here {sn}g:0 are discrete time values and {x;‘}} -, the corresponding set of variables at time parameter s,
. This perfect action reproduces the continuum dynamics: Given boundary values (x§, sp) and (x4, sy ) , the
(sp) , where xf‘

so1 | (8) is the continuum solution [21].

. . . . A _
extremum of the discrete action is given by x;; = x"“sol |
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With the perfect mirroring of the continuum dynamics, one expects that symmetries of the continuum
action, that can be captured by the discrete variables, are present for the perfect discretization.
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Indeed, consider a continuum action with time reparameterization invariance. Instead of unique solu-
tions x'}

ol (), we have families of solutions x’?s

o1 (f (s)) with monotonic functions f . The perfect action (4)

will lead to a mirroring of this behavior: an entire family of solutions is given by x = xf‘sol (f(sp)) -

FL b, BERANRESEMAEERNESA R R, BROMSZRER X, (), M2
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%t

The perfect action (4) shows also a notion of discretization independence: the perfect action (4) evaluated

on a solution with fixed boundary values (x%,, 51, ) = (x5,50), (Xaut>Sout ) = (x5, sy ) does not depend on
the number of subdivided points. It is always given by the continuum Hamilton-Jacobi function.

10
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Thus, the perfect action (4) is also a fixed point of the following refinement (We use here refinement flow
instead of the more widely used term coarse graining flow, as we first refine and then solve for the degrees of
freedom added by the refinement. We will discuss in section ”The Notion of Scale and Renormalization Flow
of Couplings in Diffeomorphism Invariant Systems” the notion of scale in more detail.) flow: starting from a
discrete action Sp (x', 515 x5 , 5o ) for a time interval, we subdivide this interval into two and compute a new

action

R, SeRIEME @) R TIRRE R AR (AT RS i IE 58 A AR AR AT,
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Sh (x‘f‘,sl;xé,so) = Bxtr,a (Sp (x{‘,sl;x‘z“,sz) + Sp (x§,5z§x6"50))- (5)

The additivity property (3) of the Hamilton-Jacobi function ensures that the perfect action (4) is invariant

under this flow, S’pe; = Sper -
e B 1 P EE R A TN (3) PRIE T 52 RAE M (4) FEIZ BAZE, Sher = Sper o

This suggest two ways to calculate a perfect discretization: (a) one can solve the continuum dynamics and
compute the Hamilton-Jacobi function, which defines the perfect action. This blocking from the continuum
[24-26] might, however, be only practical for free theories. Another possibility is to start with a discrete action
and subject it to the refinement flow (5). Alternatively, one can solve the corresponding fixed point conditions.
The latter method allows to find analytical expressions for perfect actions also in the case of more complicated
systems [20,26].

XL H T RPTTRSESE EEULRY T TR () A] DORARESSN N 51 HH B e mmi- A a] FRpR L, it X
FERERE, NILIXPMELE KR ERTT 1% [24-26] AIRECUEH T B HERIE, 7 —M75 52 NE
AUEH R, @HEZRBN (5), WATPARMN M) R&M. 5771 even X T HE A%
A G HREIS 25831 H B AT RIE3K [20,26],

The notion of perfect discretization and refinement flow applies also to the quantum case [20, 26] . The

role of the Hamilton-Jacobi function is taken over by the quantum mechanical propagator

e BB B IR RS HIE T & F1H1E [20,26] o N & 77 2% 06 T HUR T Ia 3 o] bt
LAY

K (xf, s15x5,50) = (xf, 51 | x5, 50) - (6)

The additivity property (3) translates into the convolution property for the (continuum) propagator K

AIANPE (3) Befboh (GE82) &% T HIERIMER K.
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We can define a quantum version of the refinement flow (5), given by

BATAT LAE XAB BT (5) FIEThRA, B TA%AH

Kp (x4, 515x5,80) = /KD (xf, 515 %2, 5,) Kp (x?’SZQXQaSO)H dxZ, (8)
A

where Kj, is a discretization of the quantum amplitude. The convolution property (7) of the continuum
amplitude K. ensures that it is a fixed point of the flow defined by (8). Such fixed points can be obtained by
applying (8) iteratively or by directly solving the fixed point conditions. The latter method allows to construct

propagators [20] and has been used to determine one-loop measures for the path integral [26].
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We so far assumed systems with or without reparametrization invariance. If the continuum system has
reparametrization invariance, then the Hamilton-Jacobi function (2) and the propagator (6) will not depend
on the auxiliary time parameter values s, and s; . Such systems can be discretized such that the action and

propagator will not depend on the s -values, even if this discretization is not perfect.
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Consider, for example, a reparametrization invariant system, describing a particle in a potential, with

variables x° = t, x! = q. The continuum action is given by

BBy, FE-IEREGHRTHNESBAALERGE, HEEN X0 =t,x! =q., ELEHE
B hAH

se = [ as(5007 - ve@i), ©)
which can be discretized to
TR
N-1 1 5 1 1
So= 2 5 (@1 = @ (ra = )™ = 5 (V @) + V (@) (s = ). (10)
n=0

The reparametrization invariance is typically (The symmetry is not broken for vanishing potential, as
with the discretization (10) the particle trajectory is piecewise linear and the free particle trajectory is linear
in (¢, q) space.) broken by the discretization, i.e., fixing boundary values (q, 5> Qo to) » the solutions for the

gy and t,, are unique.
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ESHAZIEER (FE NN SR, RO B EUL (10) MR U2 o BREERY, T B
HIRLFHULTE (¢, q) B RIFFA Bl B R IMER) SR BULRIEE, a2, EEX5YE (g, ths o to)
JG, qn T t, BIfFEZME—RY,

The s -parameter can be understood as auxiliary time coordinate. Its nonappearance for discretizations
of reparametrization invariant systems is analogous to the non-appearance of spacetime coordinates in Regge
calculus. We showed that there is nevertheless a notion of (broken) reparametrization symmetry for these

systems. The same holds for (broken) diffeomorphisms in the case of Regge calculus.

s SR BB A 2R AR, EAEESBUALRAREEULHAHEL, LTS bRte B ay
WAL, BANELIER, XERGIARFE (R ESBASRMX —H&, T HEar
TR (RIGERAYT) o [RIAR, RO t2an i,

Similar concepts apply to the discretizations of field theories. There is however a key difference between
systems based on one-dimensional spacetime and higher-dimensional systems. The refinement flow in one-
dimensional systems with local (Here we mean with local actions and amplitudes which only couple variables
associated with top-dimensional building blocks.) actions preserves this locality. This does not apply for
higher-dimensional systems.

RO E A T7eR B, E—4N S REMEHAERGZ A E — DR XA X T4
Zgt, HA RN (AT e RIS e BARIE OO & B 4B TR BRI 2 &) FOTE &, HAS
BRIz, X — RN &SERGT AL,

The heuristic reason for this is the following: one-dimensional systems are often discretized by subdi-
viding the one-dimensional spacetime into edges. The "amount” of boundary data is the same for one edge
and for a gluing of a number of edges into a "refined” edge; see Fig. 1. The finer data, which are integrated
out for the refinement flow, all reside inside the refined edge. The refinement does therefore not introduce
couplings between the data associated with different refined edges.

HRRAXRERT: —4ERGuE @I’ — N Sl R E i, — 5005 2 500 E TR
UL A RA SRR “RT RHEER; Z20E 1 R R RS R A T4
PR, B, MR RERRADRBAEIE Z 5 AR S,

For higher-dimensional systems, however, the amount of boundary data increases, when refining build-
ing blocks; see Fig. 1. In many refinement schemes one therefore coarse grains the boundary data of the
refined blocks, that is, subdivides these data into a coarse set and a fine set and integrates out all the finer
data. As these finer data on the boundary are shared by at least two refined blocks, this does generically lead
to couplings between these blocks. With each refinement iteration the couplings then connect blocks that are

farther and farther apart.

R, MTEERS, HAMERNIDFEIEREINM, 20K 1. FtEre s s5E, 2xt
FHALBREI SER O R AL AC ], RIPR XL RHE 7 B M AR SR, RE R T SR A
AUBUE, BT8R ERIZERAEIEE D BRI E, XEE S SBOXERZ AR S,
F—UHMIENE, S SIERECRBIZATR,

We will discuss in section The Consistent Boundary Formalism” refinement schemes, which avoid this
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mechanism of producing nonlocal couplings. This happens by introducing a truncation for the boundary data
of the refined building blocks. Here it will be crucial to carefully choose the truncation: in fact, it should be
adapted to the dynamics of the system.

PATRAE “—BOAFIE” — IR RIXA AR B & = A UHIF T 2, %07 RIEE
FIIE AL SRS  NEWTse il RAC T IR et R 2 5K b, R EEA R SHIEN N

=5

/\/

/\/

Fig. 1 Left: Under refinement of a one-dimensional discrete system, the boundary data remains un-
changed. Right: For higher dimensions, refining the discretization implies a refinement of the boundary. For
example, for a discretized scalar field, a triangular building block built from nine ”smaller” triangles carries
more boundary data than the smaller triangles

B 1 ~HEEBARSHILE, DREIRRETE. A T, EBICHEAERE LT AIRL,
flan, ST EEbrED, BAD “HAN AR =ATEAER, AR N =AY
[E2

One example, where improved and perfect actions have been constructed, is Regge gravity with cosmo-
logical constant [23]. In particular the 3D action based on homogeneously curved building blocks is perfect,
as the solutions are also homogeneously curved. This provides an example where the broken diffeomorphism

invariance of 3D Regge gravity with cosmological constant is regained via a refinement procedure.

C2iE ek E B SEREH B E — D2 i P i 2 W B B a5 7 [23]. FiAlBET195
BRI =4 E B E R, FOVHBRIT S BN, KRt 7 — 67 i A H
A =4k A7 5 [T RER AT Gl o0 RIS 22 R DOBEIE M R R R

Perfect actions have been also constructed for lattice QCD [24] and for linearized field theories with gauge
symmetries, including electromagnetism as well as 3D and 4D gravity [25, 26]. The choice of how to coarse
grain the fields should respect the gauge symmetries [25], but there is still quite some freedom, which can
influence how nonlocal the resulting action is [27]. One can also import the notion of perfect action into the
Hamiltonian framework and construct "perfect Hamiltonians” [28-31].
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FEEREHBRNOEERRE T [24] TR MTENFRIERNZME e RIS HoR, G4 g
AN =HERPULES | ) [25, 26]. AHIFERAL 7T AR e SR E AN PR [25], B AR Y 2
FEBE, XEwiiZ AR ERERE [27]), Ha] DUE2EEH BRRES S\ MG B IiAEZE,
Mg “SERMMEE" [28-31],

Perfect amplitudes have been constructed to one-loop order for the anharmonic oscillator, for 3D Regge
gravity, as well as for linearized 4D gravity [20, 26, 32]. In fact, solving the fixed point equations derived
from (7) leads to an alternative construction for the continuum path integral. It can in particular be used to
determine the path integral measure [26, 32, 33] .

SEERIBECAEIEMIEIRF. S4EHE a5 ) DU R PU4ES | 7 BB N Fa3E 52 A% (20, 26, 32], 52
br b, SKEEM (7) SHPIAS SRR DS RIESEFAR I B8 —MiE 772X, ERAInT DA TH
TERRAEZFL TN [26, 32, 33] o

Restoring diffeomorphism invariance comes with further advantages:
MR o R IR A 2 A

« Discrete systems with diffeomorphism invariance are also discretization independent and thus perfect
[20, 34]. For example, choosing discretizations with different number of building blocks leads to the

same predictions.

« BRI R BRI AT L, FIHRE3EM [20,34], BN, EEAIE
B EAN R RFEHAER TS,

« In constructing discrete actions and amplitudes, one faces lots of ambiguities. As systems with dif-
feomorphism invariance are perfect, and thus at a fixed point of the coarse graining flow, these am-
biguities are usually resolved. The work [20] proofed that such ambiguities disappear for a class of

one-dimensional systems.

o EMEEBIEHENIRIEN, REFERBE BT BEAMD RRAZERRGUZ 2R, B
RETHIRALIRAIABN R, IXEE B SOBH RBHFR, STk [20] UERA, Xt T —.—4ER5E, X3
B R TH R

+ Restoring diffeomorphism invariance means that one can properly split the variables into physical ob-
servables and gauge degrees of freedom. One can also define a canonical formalism for discrete (time)
systems [35-39]. If diffeomorphism invariance is not broken, one will obtain constraints, which are
first class [40,41]. This does allow to derive a consistent discretization of Hamiltonian systems with dif-
feomorphism symmetry. Correspondingly a (discretized) path integral with diffeomorphism symmetry
will act as a projector onto the wave functions satisfying the constraints [20,42].

o PRE I RN R RAE AT LUK 28 B IE W 0 v P B AT LN B AT ARYE B . 3B AT DOy
AL (RHRD BRGuE SUENTER [35-39] Q1SR R A IR, AR EIEE —2KL0HK
[40,41], XFEISIRATTAT LAT H BA R0 RIS FRIER IS E IR SR — SO RUL, M, A
A RIS FRIERT (B RLL) BN > S PO 2T e £ SR e 28_E [20,42]0
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In contrast, for systems, where diffeomorphism symmetry is broken, one has pseudo-constraints 35, 36, 40]
. These are equations of motions, which depend very weakly on some variables - the pseudo gauge variables.
Although one could argue that the "problem of implementing the constraints for initial data” has disappeared,
choosing the initial data freely will typically result in solutions with unphysical properties [16, 35, 36] .

Rz, AT FRRNFREBERI RS, SEENLIH [35,36,40] , XERIZENTTRE, BT HELE
R (IR E) o, REAANRERY “NUGEEIREMLRIFE" BE4HK, HE
HEEEOI SRR 212 B A AR B AR (16, 35, 36] o

+ Broken diffeomorphism symmetry leads to inconsistencies for perturbation theory. These can be re-
solved in a framework where diffeomorphism symmetry and discretization independence are restored
order by order [34].

o BEEREIIL T RIS AR IE S S B PEIE WA BaTE, XL RIS AT DATEZR [k 2 A o3 RIS
PRVERD B R TE R MR HEZR AR ROk [34],

The first point implies that restoring diffeomorphism invariance is equivalent to having full control over
the solutions of the system. Gravity being nonlinear, we can only hope for a truncation scheme. Often it is
already helpful to obtain improved amplitudes, which deliver discretization independent results for coarse
observables. We will discuss in section "The Consistent Boundary Formalism” a renormalization scheme for
the construction of consistent amplitudes, which (a) preserve the locality of amplitudes and (b) implement a

refinement flow and (c) a truncation adapted to the dynamics of the system.

F—REREREM D FEALNEN T REERZR G AR, BT 5102 %R, FMA
REFF M T T 3, 8%, RISOHIRIESCEMRATB T, XRIRIEREL MR AT U 2 A 5
AETEREE R, BAMEAE “—Boa " — e —FAHTHE —BaRIBIERMTR, %R
(a) (REIRIBAT RN, (b) SCPFLTR, (o) RIVIERLRGLS) 1" AHIEUT,

The Notion of Scale and Renormalization Flow of Couplings in Diffeo-

morphism Invariant Systems

0 IR RGP bR FERE S5 B G B AL T

Here we discuss the notion of scale and how the flow of coupling constants is realized in diffeomorphism
invariant systems. Although coarse graining/refinement algorithms for such systems will be very similar to,
e.g., condensed matter systems, it is important to note the differences in interpreting the results.

BAEHITIEM Y AR Z RGPS, DM E BRI siill, REXERGHIER
/AR S BERSRGFARFALL, (EERSRIER ENER,

For condensed matter systems, one assumes initial amplitudes at a fixed small scale, referred to as lattice

constant. Usually these amplitudes are seen as fundamental description, from which one derives effective
amplitudes to describe the dynamics at larger scales. To this end, one applies coarse graining, i.e., starting
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from the fundamental lattice, one coarse grains the fundamental building blocks into larger blocks and corre-
spondingly fundamental variables into coarser observables. One then integrates out finer degrees of freedom,
obtaining in this way an effective dynamics for the coarser observables at a larger lattice scale. This process

can be iterated, producing effective dynamics at different lattice scales.

MNTRREESRG, MURRAIGIRIEE KEEE /IR, RIS 85 IX LRI 2l i
1A, FATTH AR S A RURIE R AR B RAREE B 12, I FATTS I AKRLAL: ISR A% R, H
FLUHEEH BTN SEOREBR, AH B AR S Al 28 B AL A O SERHRT T &, RS AR s BRI B
HEE, HASREIEARSMEARE SRR ARG %, XDERATDUAR, SRR RS RE
TNHIBEREN I,

Often, one can describe these effective dynamics via effective actions, and these can be parameterized via
coupling constants. That is, the effective dynamics at different lattice scales is described by effective actions
having the same form, but with different values of the coupling constants. This defines a "renormalization

flow of the coupling constants,” i.e., these are functions of the lattice scale.

W, REHUE LA DOEE AR iR, JFHAI DS HESEL, i, A&
TEAREE A BN )~ E T A RN ERE & W EBUE R R R E R EH B, 1XE LT “Ba
HEMR”, RIS S HBUR MR AR AL

For diffeomorphism invariant systems, the situation is different: the initial amplitudes describe a discrete
system, which can have arbitrary scale. ”Scale” or the "lattice constant” are part of the basic variables. A
possible measure for scale in the discretization of the reparametrization invariant system (10) is given by the
differences (t,,; —t,) - As these are part of the dynamical variables, one needs to solve the dynamics in
order to determine their values (The solution will generally lead to values for the (¢,,; — t,) , which differ
for different n . That is, the lattice constant should be rather understood to be a function of (space-)time.),
But the average size is determined by (t5 — ) /N , and this size can be chosen - via the boundary data - to
be arbitrarily small or arbitrarily large. This is a general property of diffeomorphism invariant systems: the

lattice scale is determined by the boundary data and the number of building blocks used in the discretization.

N T FEIEAERSE, [EOUEFTARE: HHARIERR N BRG] B EEEE, “PRE” 8“5
IRHET AEREAZRN 7, BESRUAERS (10) BELE, —MAl{THIAREE R H2E
{H (ty1 — ) Sthe HTRXEEERTHNFER, BATTRERME /A sEME ENIHIME CRE
JEIEHE S E (tyer — t,) BEUE, AR n XN EEBAES A, HER 5w b8 b 2 BN
(221 I A BRI 280, BRI RSTH (1 — to) /N BE,  F HIZR S A@ I i S EdE (= e R e
Do IR FIAA AL R GERT R o A b B2 p 3 SR SR S UL P P A G SRR IR E

If the lattice scale is large, the discrete actions provide typically bad approximations to the continuum dy-
namics. For example, (10) gives only a good approximation to the continuum dynamics, if |V (q,,41) — V (q,)| <
|Qns1 — qnlz/ |tpe1 — 1.‘n|2 . Therefore, we do not interpret a given discretization of a diffeomorphism invariant
system, which breaks this symmetry, as fundamental. Rather, it serves as an approximation to the dynamics
defined by the perfect action.
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HEBIRERR, BEERERE RENESS N EEHRENIEMN W, RAEN
V(@ne1) =V @) < 11 = Gl tnar — tal” I, (10) A BEXS ELLE J1 2 48 RAFIE L [
i, BAPFAEBIR TR FRERIBCE M ) RN RS BRI R, M, EURMES
FAERRE SN0 — R Bl

Different from the condensed matter case, we therefore see the refinement procedure (5) as a process of
improving this approximation. One can extract from this refinement procedure a notion of flowing coupling
constants, but this rather reflects the process of constructing better and better approximations to the perfect

action.

Kt S EERSERAFE, TATRFAMEERE (5) MOBGEEX AL PIENE AR, BT INIX NI 2
HPIREIMaIAE S HEEORES, (X 2 R T AT IS 58381 B B A RS A

This improvement of the dynamics affects in particular the action for larger scales. For example, the

harmonic oscillator action can be discretized as

BN AR U H SRR FRITER R, BN, faER 0% A & T AR BN

N-1

1 -1 w?
Sp = Z 3 ((Qn+1 - qn)z(tn+1 —ty) - > (%21+1 + q%l) (tpr — tn))- (11
n=0
The corresponding perfect action is given by [20]
XF VK 58 SE0E FH & I SCRR [20] 25 HY
S _ NZ_:I 9 (COS (CU (tn+1 n)) (qn+1 + qn) 2qn+lqn) (12)
er n=0 2 sin (w (tn+1 n))

Sp does approximate well Sp,, for w (t,,,1 —t,,) < 1, but not for w (¢t,,,.1 —t,) > 1.
Sp 1E @ (tpy1 — tn) < V1B A] DARGFHIITAN Spe; , 1BTE @ (ty41 — t,) > 1THIL FAT,

The fixed point action (12) does describe a consistent dynamics, valid over all scales: the dynamics at
larger scales can be obtained either from probing the action directly at larger scales (as set by the boundary
data and number of building blocks) or by probing the action at smaller scales but computing only coarse
observables. For a perfect action these two different procedures give the same result.

AR R (12) SR TIER TRrE PR B 1830 71%%: KR NRI3) 0 S RER] DLEREAE KR
JE (DS ERMEE A TR OE) MRNER RS2, ta] DAE/ MR MEER &, S0
A ERSE, TR, XMMAEEESSHHERER,

Thus, the perfect action does encode the dynamics of all scales at once and therefore also the renor-
malization flow of the coupling constants. For example, for (12), we declared (¢,,,; — t,,) as representing a
notion of lattice scale. The perfect action is a quadratic polynomial in (q,.;,q,) - The coupling constants

can be defined to be given by the corresponding coefficients, which are functions depending on (¢,,,; — t,,) -
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These coupling constants are therefore functions of the lattice scale, given by the differences (t,,,1 — t,) . This

dependence represents a physically relevant notion of renormalization flow of coupling constants.

Kk, SEEEMHRMSERINGRES T A REARIVEN 1%, FRWEE TREHEmER MR, Fla,

TR (12), BMTR (g1 — tn) B XN RBEFERHIRR, ERIEHER (441, 9,) BRI ZIRE

K, MEHEOTE OV N R, IXERBORRI T (4,40 — 1) BIBREL R LR S5 B

AR RREFRAY R, HIZEME (ty4 — 1) BBt IXPMKHIC R BRI P EARSCHURE & H HEE B imAR

2o

For diffeomorphism invariant systems, such as gravity, the scale is given in terms of the spacetime metric.
For reparametrization invariant field systems, one does add the spacetime coordinates as variables, and a
spacetime metric can be introduced as function of these coordinates. Thus the notion of "running couplings”

translates into couplings which are functionals depending on the spacetime metric.

N T FEIETAZERS (BIAN515), REFRENSEREG T, N TESEUALEGRS, BNSKH
ARSIV A &, FF H AT DUR I 2 B A X ABARRI B S I N (R, “HIBIRE S ROMESHE
FRACAARI T I 22 FE B T2 BT SRR &

In section "The Need for Renormalization: Restoring Diffeomorphism Symmetry” we mentioned that
one can also determine the perfect action by solving the fixed point conditions for the iterative refinement
procedure (10). These fixed point conditions constitute equations for the coupling constants as functions of
the (¢,41 — t,) ; see [20]. Solving these equations is analogous to solving the flow equations for the coupling
constants, e.g., in the asymptotic safety approach [43]. In solving the fixed point conditions, one does not
necessarily need to produce a solution by determining the coupling constants for larger scales from smaller
scales. In principle one can also determine the smaller scales from larger scales. As in the asymptotic safety
program [43], we expect this to be relevant for quantum gravity, where one rather knows the IR dynamics and

is looking for an UV completion.

£ WEBLRIFTR: IREM D RS —T5, BRI ] POEdIERAMLIERE (10) 3k
A SR ERIE e R B REARF RPN TS HEBIEN (4 — 1) BBETRE, 2
SRR [20]0 SRAFIZLETTRESREIT SRS W R T 1E, BIANHnL L 275 PRI [43]. K
AENRAEIN, B —ETHRENNREIR AR B E RREF AR S RIS EIMR, SR Bt m] AMCKRERRH &
W/ NRERR, FIMNEZ2IE [43] —FF, BTN E TSI RAER KN —R T3 RITE
Z RO N, FTREIZR,

We have seen that for reparametrization invariant systems, the renormalization flow of coupling con-
stants appears in a different guise as compared to usual lattice systems. This does not mean that we can
avoid the need to fine-tune couplings in the initial discrete amplitudes. Finding the fixed points (i.e., perfect
amplitudes) via the refinement procedure (8) does require to take infinitely many iteration steps. Without
fine-tuning the infinite iterations might lead to divergent amplitudes or end up in trivial fixed points. Indeed
even for quantum mechanical systems, one does need to fine-tune parameters describing the path integral
measure [20, 26,44] .
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BMNELEE, HTESEUAZRS, MEFRNERCARITLASEERSRGENE, XA
R BATTA] DA R0 046 B BURIE AR AR & TR AT, s g’ (8) SR sl (Al5E
SEIRIE) KT ETCH ZIBP B, NHHATRAIETRIE, T IE AR SEIRIER AL, BFE R
LI PEAD R b, K EAMER R T HFERS, RN IR [20,26,44] KIS
HATRETE S

Although there is a large difference in the way lattice constants and flow of coupling constants appear in
systems with and without diffeomorphism invariance, the actual coarse graining algorithms, e.g., the tensor

network algorithms discussed in section "Tensor Network Renormalization,” are often the same.

REEBETLHM D RENEERRG, A EBRIRES HEORIEET XEERAER, HEXRE
FRACRIR IR, BN “sKEMZEEREMA” — T IHeRskEMSRE,

As a final note, we stress again that the “refinement limit,” as implemented by the refinement flows
(5), (8) for diffeomorphism invariant systems, should be seen as an auxiliary construction to obtain a perfect
discretization. For such systems quantities like “scale” are part of the dynamical variables; we therefore do
not send a lattice constant to zero. In loop quantum gravity and spin foams, observables which can be used
to identify a scale, like areas and volumes, do have a discrete spectrum in the quantum theory [45], with a
minimal non-vanishing eigenvalue. This physical notion of discreteness is expected to be preserved under the

refinement limit [46].

BRIGTATHEOGENE, XM RN RGEHAMLR (5). (8) KIRRT “AILARIR”, B4 NG
STEREHCATRBIAIE, EXRRGH, MR XRBEAGEIN N FLRN—E 7, B
AL BN E, EEE 5 0MEEER, AT H T RER A RTWLIN & (14N A
AR B FHEICH EAREBOE [45], HEAERNETAEME, XAPE BT SE4ML
WBR B ERHFANEE [46].

The Consistent Boundary Formalism

—BULBAEX

Many discretized quantum systems, including spin foams, are formulated in terms of amplitudes that
localize onto building blocks. The amplitude for a lattice built out of many building blocks is then given by
the product over the amplitudes associated with each of the building blocks. Coarse graining such a lattice,
i.e., integrating over some choice of finer data, leads generically to couplings between neighboring building
blocks. Specifically, one can expect a coupling between two building blocks to appear, if one integrates over
some (finer) boundary data that are shared by both building blocks. Iterated coarse graining steps lead then
to couplings between building blocks that are farther and farther apart.
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W B IERENNTF 2 EE TR, 402 DURISTERER ERIRIERRIRNT, B2 MYERE
FEMAREIMS A, HIRIES TS AE o MARMEAITRA . XX A U RLIE (RIAR 73 fine i
FAIEE), EH S FBOHSERZ RHBE S, BASKE, SRR M MIERI AR (B
ZRY) L5, e IR = 2 RSN S ., EETHAMPERE, ME S HIIEHRER
REGZH A IR [H]

Such nonlocal amplitudes are difficult to deal with. They would require a profound change of frameworks
used in (loop) quantum gravity, e.g., the generalized boundary formalism [47, 48] or the canonical formalism.
Note that a canonical formalism can also be defined for discrete systems and in particular triangulations [38],
but this requires (One can also define a canonical formalism for discrete systems on a regular lattice with
nonlocal actions. But a framework for systems on non-regular lattices with nonlocal actions has, to the best
knowledge of the authors, not been developed yet.) an action localized onto building blocks.

XSRS AR DAL B, e TEORIE & 5 7P R RIAEZR (1N SOA 5 3 3 [47,48] BIE
MR ES) KAERZIZ S, FF, ENERAE AT PUE A ERERSR = A E 0k [38], H
IXESRAEH B RS AEE R b (L A] DA BA R R R B RTINS L ERTES AR guE SERTE K
FEX, EHEEFTAL, HATWAIT & HIER T BAIERIEEHRRTAEIE SR GRIEZR),

We will now introduce the consistent boundary formalism [49,50], which allows to keep the locality
of amplitudes. Here we trade nonlocal couplings for building blocks with more and more boundary data.
Indeed, gluing building blocks (in d > 2 spacetime dimensions), each with a given amount of boundary data,
we usually obtain a block that has more boundary data; see Fig. 1. Instead of referring to the glued blocks as
being larger (In gravity the size of the building block would be rather part of the variables.), we say that these

come with finer boundary data.

BATIER AN —BOLFIE R T X [49,50], ‘B ] ARFHRIBRI RIS, X E, BATHMA BRI
LIS EHRRIMESVE B T AR S KR b, R (d > 2 ISR RY) 2 A RIS R IS
B E I, BATEEXIFE—MIEE 2L FBIRSR; S20E 1. BATTRESERISR N ER
AIER (TE5 707, AIEEREIAINE N L 2 AR B — 85D, TR IANENTH A RN R 5 iz,

Even if one is able to construct the amplitudes for arbitrarily fine boundary data, one often rather wishes
to compute with a certain coarse set of data. Here we wish again for a notion of "perfect” amplitudes, i.e.,
amplitudes which mirror exactly those obtained in an infinite refinement limit for the boundary data. Such

a notion is given by cylindrically consistent amplitudes.

RIE N ATTREGSAAIE T RAE A ST N IR, 38 0 A B X LA A B A TR
XEBAFERERZE D 583" IRIBIIMES, BIRETSRSHHE ZITCIRRS AR T S A SR IR
PR, AE—BORMERIR A T — M,

To explain this notion, we will review some formalism. We associate a boundary Hilbert space H}, to a
given building block. The label b will indicate the fineness of the boundary (data). We will assume a directed
partial ordering < on the set of labels: b < b’ means that b’ carries a finer set of boundary data than b . We
will then assume that for each pair b < b’ , there exists an embedding map ¢, : Hp — Hp . These maps

have to satisfy tpnp o tyrp = tyrp , for any triple b’ > b" > b.
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NTEREX IS, BIMSEF—LEEAAKR, RMNGH MG — MU RA/RIARSE 70,
o WA b A THRIFIAS (B WRBREE., MR EERS LEE—DMERF <: b < b &
b T HA SRR L b R, B TORFAMURIE, NENX b < b, B — D ERA B
iy - Hp = Hy o NERZJCHD” > b > b, XLEBELAIHIE 4 0 typ = thrp o

These maps relate coarser to finer Hilbert spaces and thus allow to interpret coarse data in terms of finer
data. Given a directed partial ordered set of labels {b} , associated Hilbert spaces, and consistent embedding

maps, a continuum Hilbert space # can be defined as inductive (or direct) limit:

IXEEIEN SIR T SR AT SE AN AR /R (R S A, (R AR PR T S A B R R s . 4872 — AR
BHHFWTER (b} . RERAIFR/RIARFER], DA SR AT, SR /RIAR 2 3¢ m] DUE SN
99 (BE ) MR

H = UpHp/ ~. (13)

That is, one takes the disjoint union of all Hilbert space #(}, , but mods out by an equivalence relation.
Two states are equivalent, if they can be refined to the same state. To obtain a Hilbert space, one takes a
completion of this union. To this end, one demands that the inner products for the Hilbert spaces J;, are also

cylindrically consistent, that is, satisfy ¥y, | xp), = (s (¥b) | torp (Xp))y, for any pair b’ > b .

WY, BATRETE R/ RIERFSE 70, BRI, B DS KR HRDEA] DU [E
=R, WEMFEN, MEEFR/RERESE, BATDNZFREsE, i, ZRFH/REREE 70,
RIPRIRIR R AL —BERIF, BDRER X b > bil/2 (Db | X600, = (o @b) | trb b))y o

Canonical loop quantum gravity is based on such constructions of kinematical continuum Hilbert spaces
[51-56]. Here we emphasize “kinematical,” as the embedding maps implement a notion of localizable kine-
matical vacuum states, which can be also understood as being derived from amplitudes of topological quan-
tum field theories [56]. The Ashtekar-Lewandowski [51,52] vacuum is peaked on sharply vanishing electric
fluxes, whereas the BF -vacuum [54-56] is based on sharply vanishing curvature. The embedding maps act
by putting all finer degrees of freedom into the corresponding vacuum state. We will see below that it would
be ideal to have rather embedding maps, which put the finer degrees of freedom into a physical vacuum state,
that is, a vacuum state defined by the dynamics of the system.

IEN B & 15 | RN AR X RIS S A R R S FIAE 2 L [51-56], HAABATTEENE “128h%”,
R NBRES SEER T R] JRss b2 80 B2 S IRE S, ix thn] DUERRN IR B3R+ & 7310 II9RIE [56].
BrIPE k-3 7 2 R HT R A [51,52] IEETE M & ™M I ZAL, 1 BF A= [54-56] BN AE Ik
TR b, RGBT BN B B EE TN ESASRER. BITTITXSER, #HEN
THEOURIARER 4 B HEE TYHESS (B RS0 XHEZE) B ARG,

Operators O on J( can be defined as families of operators {O}, , which are cylindrically consistent, that
is, satisfy 1, Op (¥p) = Op (tprp (Pp)) for all b’ > b . The different vacua and associated embedding maps do
also implement different notions of coarse graining for the operators and corresponding classical phase space
functions [57, 58] .
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Let us assume that we have a directed and partially ordered set of boundary Hilbert spaces {#(}}, , with
consistent embedding maps. A cylindrically consistent set of amplitudes {A}}, is then defined to be a set of
linear functionals on J(}, , satisfying Ay () = A (4 (Yp)) for every pair b’ > b, or equivalently

BEEBATTE — D 5 AR 3 30 SR A R AR S A {76}, , BRE— SR AL, A —BdRIESE
{Ap}, BGE SR 36, ERIEMIZEREE, WE—X b > bR Ap (p) = Ay (wp @p)), FHT

Ap =ty Ay, (14

where 15, denotes the pullback of 1y, .
/E\:EF' l;k)’b i‘éﬂ—_\. Itbb/b H/‘Jﬁlﬁlo

The cylindrically consistent amplitudes allow us to define continuum amplitudes on the continuum
Hilbert space (13). It also makes precise the notion of mirroring the continuum dynamics: the embedding
maps allow to interpret discrete states 1, as continuum states, and the cylindrically consistent amplitudes
make sure that one obtains the same results for different refinements of a given boundary state 3, .

H—BURIE R TR EES A /KRS A (13) L7 OESRIE, I T 2880 ) 2 BRI
& B S VFRATR BB o), APRONIESEAS, AL —BURIECRIE T XA IL S o, KRR
AECRETS EIMH R A EE SR

How to construct such cylindrically consistent amplitudes? This can again be done in an iterative proce-
dure. Starting with amplitudes A, for building blocks with boundary b , we glue these to a block with finer
boundary b’ ; see Fig. 2. The gluing operation includes to integrate the product of amplitudes over the data
that are bulk in the new block. In this way we obtain an amplitude A, for a finer boundary.

QRTARIE T A — SR RIIRIE? X R A] DUBIE IR OSSR TR SR b RO ARG A,
Wk, BATRERS SR A EANLR b Ik b, SUE 2, KEHRERRXbIsE TARX IR
TR IRIESRAR, JEIE XA BTGB EAHL 5 M ARIE Ay o

To improve the discrete amplitudes in an iterative scheme, similar to the ones discussed in section "The
Need for Renormalization: Restoring Diffeomorphism Symmetry,” we need a fixed point condition. To this
end we need to construct out of A, an amplitude for a building block with boundary b . Thus we use an

embedding map to define an improved amplitude A}, :

HEEIRNTT RP BB BIRIE, KT “ERAEN: IREM I RN FRIE” — 1875
xR, BMFE-DAENREME, WHBNFREMN 4, Bk, HEHEEGS b FARRARIE, Kt
PATIE P RN BRSPS R ES AL -
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Fig. 2 Schematics for coarse graining spin foam amplitude: among the degrees of freedom, some (here
in red) are defined as fine and summed over. The remaining effective amplitude has a refined boundary b’ .
Embedding maps 1, in blue map to the original Hilbert space of the coarse boundary b , and we define the

renormalized amplitude A}

2 ABEERIRISHEA ORI E: /£ B R, #82 B B (AN ) #0E OVEH A B R
o FIRARIRMEEAIMIAT b o BEATERABGT 0, BENEFES b (AR /RBRZER, 3K
T SRR IR A,

This process can be iterated, until a fixed point is reached, that is,

XA PUER, HEREAEE, Al

A =, ( > Hﬂg?,;). (16)

bulk i

If /ll?x does not depend on the choice of the finer boundary b’ in this construction, it can serve as the
b -component of a cylindrically consistent family of amplitudes. Note that this is often not the case. But for
fixed b and finer and finer b’ , one uses a finer and finer discretization to compute the amplitude for a coarse

boundary b . Thus the series of amplitudes {ﬂgx (b/)}b, is expected to converge; see [49] for examples.

QNERAEZAIE AL AT BANAS b’ (3%, ERtA] DUE N —BARIERR b 7> &, 1EEE,
TEOUE HH AR, EXS T EER) b MIRSRERANE) b, AT AR 1 B R R T RRA S b
AR, PAIARIERS (4D (b))}, FEWS; BIT2 ISk [49].

The resulting fixed point amplitudes will depend on the choice of embedding maps t;/, and might lead
to non-sensible results for certain choices [49]. For example, choosing the kinematical embedding maps de-
scribed above will often result in amplitudes that just describe the associated vacuum states of topological

field theories, even if the starting point is a theory with propagating degrees of freedom.
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To avoid this, it is important to determine the embedding maps from the dynamics of the system. This
also means that the embedding maps might change throughout the coarse graining algorithms. Below, we
will describe tensor network algorithms, which do implement embedding maps, adapted to the dynamics.

N T REGIXAPEDL, IWRGEN I E L IR BRGS0 L E, IX IR R ARG AT REFERERL(L
IR PR, TN MEHIR I T IERCS) 712 A B AL 5K 8 M2 HIA,

The need for choosing embedding maps, which are informed by the dynamics, is even more important
for systems with diffeomorphism symmetry. In fact, the ideal embedding maps are given by amplitudes de-
scribing the evolution of a coarser into a finer boundary. To explain this, we remind the reader that for systems
with diffeomorphism symmetry, the path integral does not implement a proper time evolution, but is rather

a projector onto the space of gauge invariant, so-called physical, states.

NFEEMFERNFRERRSE, ST S FERIRABN ENES, LRk, BEAERHRA
M55 p R NI SR B i S AL OARIE S e O T IRRRIX — 5, TROTMRIERE, N T HAM
DRI RS, BERDHALIMIERNREEL, e MEEIMEAZR AR ESs
[Al_E A5 Ao

Assume we can embed states associated with discrete boundaries b < b’ into a continuum Hilbert space
and compute the continuum path integral "propagating” the embedded states defined from b to states defined
from the finer b’ . The resulting amplitude A/}, then (i) projects out any gauge dependence from the b -states
and (ii) associates to all the finer degrees of freedom a physical vacuum state [59].

BIZFATA] LR BOA S b < b’ AR AASHRNIES AR /RIBRF R, FFHEM b EXHBRAS &
& BN b XHISHESER R HILAEIRIIRIE Ay p (1) M b ST BRI MIEMR
i, (i) FTA AN E R — M BEE A A [59],

An ideal choice for the embedding maps is then given by these refining amplitudes ¢/}, = Aprp, . With this
choice, we satisfy the cylindrical consistency condition (14) for the amplitudes Ay = Ay [50]. Here Ay is
constructed as described above, with @ denoting the “empty” boundary. That is, we compute the continuum
path integral for a block with boundary b .

XETFHRABRES, IXEEARIE 0 = App EBRRRIERE, RAZIERE, TATAETH RIRIE A = Apg
AIRE—BUESAF (14) [50], AL Apg 12 EIRTTIEME, Hb @ FoR “27 105, e, i
XA ILS b BRI RIESER 2 77,

The consistency condition can now be expressed as

—BESRAEIIERT PARIR N

Ab@ =Abb’ Oﬂb’@s (17)
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where o includes integrating or summing over the data associated with the boundary b’ . This has to hold
for any b’ > b . We assumed that the amplitudes result from a continuum path integral; they should there-
fore be discretization independent. Equation (17) does express such a notion of discretization independence,
namely, that the final amplitude should not depend on the number of building blocks or evolution steps.

Hrt o fUEX 5305 b AHRERATBURMEITI 2 BORM, IXAHMER b > b #RIURIL, BAMRENR
TEHEL ARG E], BIEMNS5EBILIER, 77& (17) 164 RIE T IXAE B IT M RIE
2, ARG R T H3E S B s 2

We thus see that for diffeomorphism invariant systems, the embedding maps should be given by the
amplitudes. In this way the embedding maps do also describe the physical vacuum state for the given system.

These concepts can be realized for topological quantum field theories [56, 59] .

RIEBATAT AR R, N T FERAERSE, RABGN RIS o BT, BABGHE
A DR TE RSB E A, XM AT DAER TN T371E [ 56, 59] HHSRPL,

The situation is much more involved for interacting systems. Often, one can only resort to numerical
schemes. We will discuss next tensor network algorithms, which implement a coarse graining flow (15), with
a dynamically determined embedding map. In fact, embedding maps are constructed using a localized form
of the transfer operator method, which also serves to identify vacuum states.

NTHEMERRSE, BHRERMSZ, BHKH, NMIRREMBEBIETT R, & RBATHITIEKE
WIZ8 5T, XA TRRALL (15), FFASNSHER RS, KR L, AR
HRE T RN RBIE RGN, 1Z07iEm Al T IRBIE R,

Tensor Network Renormalization

sk ML AL

A concrete numerical realization of the consistent boundary formulation for physical systems are tensor
network methods. Here we mostly discuss the “tensor network renormalization group” (TNRG) [60] as vari-
ations of it were used in all spin foam-related research. TNRG can also be understood as a generalization of
corner transfer matrix methods for 2D systems [61].

KB MRV RS —BOL R RBH BABUESI I, AN EZ L “5KE M2 E R
(TNRG)[60], B NFE 5 H e RHIDTFREE R T ERIZE R, TNRG tH Rl 5B —4ER S
AR TTIRRIHE [61]6

The key idea of TNRG is to cast the partition function of a physical system into a tensor network, a
contraction of tensors, and then to manipulate this network to approximate it by a coarser network of effective
tensors. This defines a renormalization flow of tensors while keeping the description of the system local:
tensors only interact with their direct neighbors. Here, a tensor is a multidimensional array associated with
a region of the physical system. Its labels correspond to (a basis of) the boundary data of that region, and for
each choice of boundary data, it stores the associated amplitude. In this sense, a tensor is similar to spin foam

amplitudes as it associates an amplitude to a region as a function of its boundary data [62,63]. We represent
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such a tensor pictorially by a node with several legs, one leg for each index of the tensor. Note that these
tensors do not make a reference to a background spacetime; they merely encode the degrees of freedom of the
system. In this regard they are well suited to be applied to quantum gravity.

TNRG HIR O EAR R P B AR GL A BC o0 bR LS sk 4% (RISKERIZETT), RS M2t T4
8, FMARGKEN AL HAOE Pl 1X—E X TKBERERAR, FNRRE THRGENE
A SRR NG AR SR EHEEIER, e, KE2SWHARGH N XKIBOHR 2 4E4L
Ho BRI R T IXXIBOA SR (1 —413), NTE—AIL58E, KR 7N IRIE.
MIRAPE X B, KEZROEFERRIRIE, EOENA S ERAT R, RARIECIKE]— XI5 [62,63].
BATHH Z DR RO 5K B MER R, SR RK R A —DMahr, ERIXEKEMRK
BE RN EMNmERSNEBRE, sttms, el dFEEsNH TR’ 510,

Having identified a tensor as the amplitude associated with a region, the next step is to glue tensors
together. To do so we identify the shared boundary data of two tensors and sum over all possible values these
shared data can take, i.e., we contract their indices. Pictorially we represent this contraction by connecting
the respective legs of the nodes. Continuing this process, we build a network of tensors, whose contraction

defines the partition function.

FERARf K B R X IHIIRIES, PPl Rk B EE i, BARIERITAM N KEH,=
AL 5B, WX = BRI A AT REREESR A, Wt X ENIRHERMTdEF, BR ERATEE
EERETT RN ML SIRE R R G . PUTERIX DR, FATAE I — DIk B ML, %ML R4E
X T BL 7 R A

The goal of a coarse graining step is to approximate the original tensor network by a coarse tensor net-
work. The coarse tensor network is then the starting point for the next iteration of the algorithm. There
exist many realizations of the TNRG, and they all have two steps in common: explicit summation over fine
(bulk) degrees of freedom as well as variable transformations and truncations of (boundary) degrees of free-
dom to define effective boundary Hilbert spaces. These variable transformations play the role of (inverse)
embedding maps mentioned above, as they directly translate fine into coarse degrees of freedom. Crucially,
the embedding maps are computed from the tensors in each iteration of the algorithm via a singular value
decomposition. Thus, the embedding maps can change in each iteration and are in fact chosen according to

the dynamics encoded by the tensors.

FERL AL SR H Ao FH R K & 4 U sk B I 4%, 1S BIATF K B 28 S AN BIE T — RIS
frl. HAEFIEZHN TNRG SKH, ENTEAEM NP X4l (1K) B BEMERRN, U (G2
5) B HE M R S R, DUE SCERUA SR A RIBR SR, XA B E ESCIR B ()
IRABRETHI (R, Bl B B RAOVE B B, RIET, AR ERRSRIEEE
AFHE MK BT RS EIN, Kitt, MABSESIRGERAEA] DA, F HChr ERREK R
I HIBN AR

Without going into the details of the algorithms, we will briefly explain the role of the singular value
decomposition (SVD) in defining the embedding maps. A SVD decomposes a matrix M into two unitary
matrices U and V and a diagonal matrix 1, M = UAV" . It is applicable to real and complex matrices, where
M need not be a rectangular matrix. The matrices U and V' are matrices of left and right singular vectors,
respectively, the entries 4; of the diagonal matrix A are called singular values. Crucially, the singular values
are real, non-negative and ordered in size, 1; > 4, > --- > A5 > 0. Hence, the size of the singular values
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relative to the largest one determines how relevant the associated singular vectors of U and V are to reconstruct
M . On the other hand, we can define the optimal approximation (in the least square sense) of M by a matrix
of rank D < N by setting all singular values i > D to zero [60, 64] . So, if the singular values decreases rapidly

relative to the largest one, it is possible to approximate the matrix M by a matrix of lower rank.

BATRIICEIEAT, (R ERRRER FE 2R (SVD) T SR ML IER . SVD KHEkE M 5y
RN ZIERERE U . V FI— MR A,M = UAVT . BIEH TIEMME M, Hbh M A
SERETEAERE, 56 U F1 v 5@ e o R s B RERTG A F I 2R RE, A ARERE A TR A FORFT
FH, REET, TRERERSEE, BT A4, > 2, > - > Ay 2 0. K, YT
KAEFFE, AFFENANIE TN A FARE UMV EE M PR EERE, 5—7m, B
DB AT E | > D BF [60,64], 152184 D < N BFERERN M BIERIIERL (/D —3RE X
o FL, GNRFTFERN TRAT FEZRARD, el AR R OERE M o

How can this matrix decomposition be used to coarse grain tensors? Ideally we would like to directly
split tensors into multiple tensors of lower rank. We can then recombine those into new effective tensors by
contracting the original indices. Unfortunately, a decomposition analogous to SVDs does not exist for tensors.
Instead, we rearrange the tensor into a matrix, by grouping its indices into two matrix indices. These matrix
indices simply label the product basis of the boundary Hilbert spaces of the grouped tensor labels. Now, we
decompose this matrix using a SVD: the matrices U and V define the variable transformations of the old
product basis into a new effective one labeled and ordered by the singular values. We show an example of
such a decomposition in Fig. 3. From the relative size of these singular values follows the relative relevance
of the corresponding singular vectors for reconstructing the tensor. With this information, we truncate the
most irrelevant singular values/vectors, e.g., by always truncating after a fixed number of singular values or
only considering singular values above a certain size relative to the largest one. Once we have obtained the
singular vectors, we translate the product basis back into the original tensor indices and thus define a split

tensor.

IXARFERE > AN A T ok R ? BARTR L P ERTAR E B R SR IR 0 2 MERSK R, FE
I AR e ER A SR A RGK R, RIEEE, SKEAFEREISVD W #7E,
BRIk B R BN FEFE: {EERITEAR NN D IERE R, IXERE B IC A e 5Kk &I
B RO S R FRFAELIARSS . IRTEFRATIF SVD M iXNMERE: 15 2IIAERE U A1 v 2 X T MIBFE
BRI AT SEMMCHE P BT R R B, BAER 3 Hréath TIXA M RERE, ARYEXLE
A SHERIFRS RN, AT DS E N7y S B A K A R, AR —ER, A8
RAEZRAF FE/ R, Blana] PARENE (R S ERECR, BWTRERTR I, BCE R B &R
AEE TR RENT RE [RArRAREE, TATRRARER R KB iaR, MMSEHFD
JEHTK &

Figures 3 and 4 illustrate one coarse graining step. First, we sum over fine degrees of freedom resulting
in a new tensor with more boundary data. We rearrange its indices with the goal to split into two tensors, a
3-valent one containing the two upward-pointing indices and a 7-valent one with the remaining indices. The
new edge of the tensors will be labeled by the singular values obtained in the decomposition. The 3-valent
tensor defines a unitary embedding map. Without truncations they act as isometries between different basis

of the boundary Hilbert spaces.
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Fig. 3 After the contraction of fine indices (red), we obtain a new tensor with eight legs. To decompose it,
we turn it into a matrix by grouping its indices into two groups: the upward-pointing indices form one group,
with all remaining indices in the other. After the SVD, we obtain two tensors, a 3-valent and a 7-valent one.

We use the 3-valent one as an embedding map, as it translates fine into coarse degrees of freedom

Fig. 3 5t 4IHER (Lt0) 5, BAVSEI—NMIH )/ \RIBRFEKE. N T oMe, BATRHERD N
P, BEBUNFERE: (A BfebRoh—H, HRFrETERN S —H, SvD HREBIEEIM N KE, —
34, =D 7 BATR 3 Ik ERERRABSS, ROVESEEL T ARLE B i 2R B F R

B,

Fig. 4 After the contraction and computation of embedding maps via a SVD, we contract all fine boundary
legs of the effective tensor with embedding maps. They translate fine into coarse degrees of freedom and

introduce truncations. A coarse network of renormalized tensors remains

Fig. 4 SE47F T8I SVD HHEGEIIR B G, FATTRA UGKERIFTE 4148 5 5 A B 48
Ho EMZERR T AR B i IR B iR, [RGB, RESEHERAKEML
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However, truncations are necessary, since the coarse boundary Hilbert spaces grow exponentially with
each iteration. Keeping track of the size of the truncated singular values (relative to the largest ones) makes
it possible to characterize the truncation error. In the final step, the fine boundary data of the tensors get

contracted with the 3-valent embedding maps, resulting in a renormalized tensor with coarse boundary data.

SR, WWTRERY, FOVHLIL A /RIBR S RIRAUR S B B OOE e B0 . TSRS A1 7+ (E
M RAT AR/, A DAZIEEWTIRE, ERia—F, KENLFEIERS 3 iR A48
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Tensor Networks and Spin Foams

sk ML 5 B eIk

In many ways, TNRG is well suited for spin foams. The method does not require a background spacetime;
the concept of tensors and their boundary data is similar to spin foam amplitudes and the method, in contrast
to Monte Carlo sampling, works well for complex and oscillating amplitudes: in TNRG we explicitly sum
over fine degrees of freedom instead of sampling over them. However, spin foams cannot be readily cast into
tensor network form for two reasons: firstly, tensor networks are built under the assumption that degrees of
freedom are only shared between two tensors. For spin foams this condition is not fulfilled: here, tetrahedra
and triangles are decorated by algebraic data. While a tetrahedron is only shared among two 4- simplices,
a triangle can belong to several 4-simplices. Assigning a tensor to each 4-simplex, only a part of the spin
foam state-sum can be expressed as a contraction of a tensor network. This insight is useful for optimizing
numerical algorithms [65], yet it is not sufficient for coarse graining a la TNRG. As we will argue below, spin

foams require a generalization of this formalism called decorated tensor networks.

FEARZ77TH, TNRG #AERIGES HIGEREE, L EARERRNZ; KELHID TGRS
5 BHEERIRIEAEL, 1 ERSER-RIERIERR, %77 EN S ARG IRIERCR R4 /£ TNRG 1, 3K
MI2xRa4n A R ORE, TR HREE, (H B eiR TR B RO KR EMGIE R, RREA
B, KEMSHTEATTEZE B HEMNEANKERE, B EX — &0 £ B BEER
PO ANT =M B ABEEENR I, YA RN 4ER R, B = E 21
PUZERTE, GNRGRDPULERTE L — D IKE, A2 A B IGERIGESHR ISR 5K &M 44
#iIf, X —EHENIEUESRTE [65] IRAH, (HAE DASEH TNRG KUSHIFRLIL, FRATHE R
KU, BIERIRTFEZEANZE R T, [RIRUR LR I5K R M2,

The second obstacle is that TNRG methods require finite tensors, e.g., with finite index ranges. In spin
foams the representation labels on faces are typically unbounded. Introducing a cut-off on representation la-
bels breaks gauge symmetry. A physically relevant exception are spin foams with non-vanishing cosmological
constant, where the gauge-invariant cut-off is inversely proportional to the square-root of the cosmological
constant. In recent years, several different spin foam models have been proposed [66-70]. One well-known
3D spin foam model with cosmological constant is the Turaev-Viro model [71], which uses a quantum de-
formation of SU(2) [72]. Such quantum deformations are also used in TNRG applications to (analogue) spin
foam models [73-75].
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Models with Global Symmetry: Spin Net Models

TPV B e PR

TNRG methods are primarily aimed at condensed matter systems with a global symmetry, the 2D Ising
model being a prime example [60, 76]. Without external magnetic field, it possesses a global Z, symmetry.
Thanks to this property, it is straightforward to cast this model into tensor network language. One way to
do so is to expand the system in terms of irreducible representations of its symmetry group, analogous to the
familiar harmonic analysis of SU(2) used in LQG and spin foams. The boundary Hilbert spaces are tensor
products of representation spaces of the underlying group where the tensor encodes the coupling rules. This
construction (and the differences and similarities to spin foams) was first presented in [77] for finite groups
before it was extended to quantum groups in [73,74] . Such models with global symmetries are called spin

net models.

TNRG J7 A FZEEH N AR BRER SRS, el — M iaE+ (60, 76], 1E
TEINHIARITE LT, CBA BRI 7, WM. S TIX— M, BT AE R R R A o sk & W
IS KX — R — M TR A ENME A AR RRIT RS, XRLTEE 517 (LQG)
1 E eI IR AR IR SU2) R, IS /RMARe 2 AR AR RO S R SK R, KRS
FREE RN, xRS (PAR e AFEERIIRR) &7 T [77] B REERH, Z/51E [73,74]
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TNRG methods were applied to 2D spin net models for various symmetry groups, namely, finite Abelian
groups Z, [62], the finite non-Abelian permutation group S [78], and the quantum group SU(2), [73]. Models
with SU(2), x SU(2), symmetry [75] mimic the construction of Euclidean 4D spin foam models, such as the
Barrett-Crane [79] and the EPRL model [80]. Representation theory is used to optimize the algorithm and
improve the interpretation of the coarse graining flow. For more detailed explanations, we refer the interested

reader to the respective papers [62, 73, 75, 78] or this recent review [81].

TNRG 77K C AN TR FREER) — 2 HERRRY, BE RRF DUREE Z, [62]. AFRIRRT DU/RE it
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The TNRG method is ideal to identify different phases of the model and map out its phase diagram. Here

we define a phase as the region in parameter space for which the system flows to the same attractive fixed

point under renormalization. Note that such attractive fixed points describe topological theories.
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In case the theory possesses multiple phases, we find phase transitions, which can feature interesting
dynamics. Using TNRG methods, we gain insights into whether a phase transition is of first or higher order.
For a first-order transition, the system quickly converges to either of the final fixed points, no matter how
close we tune the parameters to the transition. The behavior is starkly different for transitions of higher
order: close to the phase transition, the system remains almost the same for a number of iterations before it
converges to either of the attractive fixed points. This indicates the presence of a repulsive fixed point and an
approximate scale invariance. Close to such a transition, the singular values only slowly decrease in size, and
truncations cannot be justified as the largest truncated singular value is close to the smallest kept one. This
shows that more and more degrees of freedom are relevant, which hints at a diverging correlation length. In
tensor network language, where we describe the system by locally interacting amplitudes, this translates to

infinitely large boundary Hilbert spaces.
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Before we discuss renormalizing gauge theories, let us briefly mention some disadvantages of TNRG that
were addressed in later schemes like tensor network renormalization (TNR) [76]. In particular for higher ac-
curacy, i.e., taking many singular values into account, TNRG converges to "unphysical” fixed points. They are
highly dependent on the initial conditions, which can obstruct identifying the correct renormalization group
flow and universality classes. This issue is addressed by entanglement filtering: it identifies and removes short

scale entanglement, which avoids the occurrence of these particular fixed points.

TEIIEATE e R B 2 1, FRATTRIZEDIIH TNRG B — BB, IR LB TR S S TK R 2% B
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Local Symmetries: Decorated Tensor Networks and the Fusion Basis

EIRTE: Sk B 4 S5 RS 3k

As mentioned above, for systems with local gauge symmetry, like spin foams, we cannot readily apply
methods like TNRG. Gauge systems encode redundantly degrees of freedom into local variables, which are
subject to Gauss constraints. This increases the computational costs for TNRG, as these scales exponentially

with the number of variables per building block.
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Instead of expressing lattice gauge theories strictly as tensor networks, [63] proposes to use decorated ten-
sor networks. Here decorations refer to labels associated with lower dimensional boundary components. We
consider the amplitudes associated with spacetime regions and their boundary states, e.g., 3D cubes equipped
with spin network states, as the fundamental objects of the system which we intend to renormalize. Coarse
graining is performed analogous to TNRG methods: these amplitudes are split by using a SVD and then rear-
ranged into new effective ones, where we sum over bulk degrees of freedom. The key to this algorithm is the
boundary Hilbert space: firstly, to implement this procedure economically, we solve for all Gauss constraints
and explicitly express redundant variables as functions of the remaining ones. This corresponds to choosing
a maximal tree in the spin network. Secondly, this maximal tree must be chosen with the intended splitting
in mind: the remaining variables are distributed equally across the two split amplitudes and the data shared
between them. Given this distinction, we define matrices that can be split by a SVD. Variables belonging to
either split amplitude are summarized in either index of the matrix, while we keep the shared variables fixed.
We then perform the decomposition for each shared configuration. This reduces numerical costs. Finally, the
maximal tree is adapted again for the gluing of partial amplitudes into a final effective one. This algorithm
is illustrated in Fig. 5. To lowest accuracy, we keep a single singular value per shared configuration of the
original amplitude. In case we retain more singular values, each face of the renormalized building block car-
ries an additional index. This gives the name to this algorithm as the tensor network is “decorated” with an
intricate boundary Hilbert space. This algorithm was successfully applied to 3 dZ, lattice gauge theory and

identified the phase transition between weak and strong coupling phase to reasonable accuracy [63].
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Fig. 5 Graphical illustration of the decorated tensor network algorithm for Abelian gauge theories: the
boundary Hilbert space is spanned by spin network states. The bold edges show the non-gauge fixed variables.
The cubes are split by a singular value decomposition in two different ways. The resulting prism amplitudes

are recombined into a coarse-grained cube
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Building on this foundation, the algorithm was extended to non-Abelian lattice gauge theory in [82] and
tested successfully for the finite group S; . The general procedure is similar to the Abelian case; however, the
basis transformations are considerably more complicated as they involve a switch between spin network and
holonomy basis via group Fourier transform [77]. Beyond this successful extension of the algorithm to non-
Abelian theories, it also underlines two important facts: firstly, the choice of variables, and thus observables
described, is crucial in coarse graining algorithms. To preserve the interpretation of the theory, the renormal-
ized theory must be capable of capturing the coarse observables associated with its underlying discretization.
To do so, we must choose coarse observables and variables among the original fine ones and adapt the algo-
rithm accordingly to describe these observables. Secondly, for non-Abelian theories, the spin network basis
is unstable under coarse graining, as Gauss constraint violations, also known as torsion degrees of freedom,
appear from originally gauge invariant amplitudes [58, 83, 84].
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Both aspects are solved by the fusion basis for 3D lattice gauge theory [56,85]. It is a gauge-invariant basis
that (a) organizes the degrees of freedom according to a coarse graining (or fusion) scheme and (b) is able to
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represent torsion.
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Fig. 6 Choice of fusion tree for coarse graining. The left side shows a fusion tree for two glued 3D cubes.
Each end represents an elementary plaquette. The shown fusion tree directly fuses pairs of elementary pla-

quettes (green and red) into coarse plaquettes

B 6 MR R S RIERE, MR T /IR & =42 7RI R G, 55N O B — DN AR TR
1] P Rl 5 B L A O OB ASTOA, (SR NEL ) Rl R RLTTA

Consider a 3D cube with six plaquettes. Each plaquette can carry a curvature and torsion excitation. This
excitation can be measured by a (generalized) Wilson loop and is characterized by a pair of quantum numbers.
Pairs of plaquettes can be fused - correspondingly one can fuse the elementary plaquette excitations. These
fused excitations can be again characterized by a pair of quantum numbers, arising from a Wilson loop around
the fused plaquettes and so on. This information can be encoded into a (fusion) tree, which has one leave for
every elementary plaquette, and carries a pair of quantum numbers on every leave and branch. The quantum
numbers are subject to fusion rules, whose precise form depends on the gauge symmetry group.

BRI AND R =GR, B EERER ] DURER SRR E . XA AT DA
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Gluing cubes to larger blocks, we also glue trees to larger trees. We then apply a tree (i.e., variable)
transformation, such that we can fuse the excitations associated with plaquettes to be coarse grained; see Fig.

6. Note that this allows us access to the (coarser) Wilson loop observables around these coarse plaquettes.

REXLTTRRE S N BRI, FRATTHRERERS & o0 BRI, REE ST AIA (BI3E &) 28#e, A AT
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[86] details the construction of a decorated tensor network algorithm for 3D lattice gauge theories with

underlying quantum group SU(2), symmetry. As outlined the algorithm allows access to coarse-grained Wil-

son loops. One application is a test of the area law for Wilson loop operators in the strong coupling regime
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[86]. The algorithm allows us to identify strong and a weak coupling regimes and the study of how the critical

coupling changes as function of the quantum group level k [86].

SCHR [86] RS T BN B IRIZ & SUQ2), NARIER=ZER o Tuiie, M 2Elfiok =ML
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BRI AVE HEATAL R [86]0 IZELIRAT AR BIERA IR AISEAR & XA S X, FOToimSiaan
it & T HESH k 221K [86].

In a nutshell, TNRG-based algorithms are a numerical realization of the consistent boundary formu-
lation implemented and tested for 2D spin net models and 3D models with local Abelian and (q-deformed)
non-Abelian gauge symmetry. Embedding maps are derived directly from the amplitudes and define effective
coarse degrees of freedom from fine ones depending on their relevance to the dynamics. Strong arguments
for TNRG methods are their robust ability to identify different phases of the theory, exploration of the system
near phase transitions, and their applicability to models with oscillatory amplitudes. Models with gauge sym-
metries require special care, due to redundant local variables as well as the instability of spin networks under

coarse graining. The fusion basis in 3D is an intriguing solution to these problems.
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Beyond the development of (decorated) tensor network methods for 4D spin foams and lattice gauge
theories, spin foams pose additional challenges. Efficient algorithms for evaluating spin foam amplitudes
and summing over (fine) degrees of freedom are indispensable. Thanks to progress over the last few years
[65,87-93], it is hopefully only a question of time until coarse graining of full 4D spin foams can be tackled. So
far, such explorations were only possible by significantly restricting spin foam configurations, which we will
detail below.

B T N PU4E B BeiRRAS e BT & i) SKEMLS TR AN, B IRIRIEH R THIMER.
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Restricted Spin Foam Models

Z B i iR

The main idea of restricted spin foam models is to define a subset of the full spin foam path integral.
To develop an iterable coarse graining method, it is convenient to choose a 2-complex more general than a
triangulation, e.g., one with hypercubic combinatorics. An extension of the Riemannian EPRL model [80] to
general 2- complexes was defined in [94]. Instead of summing over all possible shapes of polyhedra, encoded

as intertwiners, only specific ones are allowed, typically given by coherent Livine-Speziale intertwiners [95]
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peaked on the shape of a classical polyhedron, e.g., a cuboid. Depending on the polyhedron at hand, additional
restrictions on the areas of the faces might arise, which furthermore reduce the number of summations in the
path integral. In this case, polyhedral restrictions were proposed in [96-99]. Here we will focus on cuboids [96]
and frusta [97,98] as these were investigated in the context of renormalization. Cuboids are the 3D analogue
of rectangles, where all angles between faces are rectangular and the areas of opposite faces must agree. Eight
cuboids are then combined into a hypercuboid, which describes flat spacetime with metric discontinuities and
torsion [96]. Frusta on the other hand are 3D generalizations of trapezoids and can be seen as a generalization
of the cuboid case. In 4D, two cubes and six frusta form a hyperfrustum, which describes the transition from
a cube to a cube of a different size. In Fig. 7, we show how to illustrate the 3D boundary of a hyperfrustum.
Therefore this model can be understood as a potential cosmological subsector of spin foam models describing
the expansion/contraction of 3D cubulations [97].

ZBR B TR RS f 200 AR R E 2 B BRI — T8, 8 TR RNEBTR R (L
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The second vital ingredient is the semi-classical approximation of the spin foam amplitudes, in particu-
lar the vertex amplitudes. These are hard to compute in the quantum regime, even more so for hypercubic
2-complexes [100]: the vertex amplitude is defined as a contraction of more intertwiners compared to a 4-
simplex, and these intertwiners are of a higher valence. The increase in numerical costs is drastic, which
makes it impossible to explore the amplitude beyond small spins. While further numerical optimizations
are possible, approximating the full vertex amplitude by its semi-classical approximation is indispensable to
study coarse graining. The derivation of a semi-classical formula via stationary phase analysis is completely
analogous to the 4-simplex case [10,11]. Thanks to using fixed coherent intertwiners, it is straightforward
to derive a closed formula for the asymptotic expression of the vertex amplitude. To summarize, intertwiner
restrictions and the asymptotic formula for spin foam amplitudes provide readily computable amplitudes as
well as restrictions on the configurations to sum over. These drastic simplifications make spin foam model

simulations on large 2-complexes with multiple vertices accessible.
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Fig. 7 The 3D boundary of a hyperfrustum: two 3D cubes of different sizes are connected to each other

via six 3D frusta, generalizations of trapezoids
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After this basic outline on the definition of the model, let us briefly explain the coarse graining method
as it uses the ideas of the consistent boundary formulation, yet employs further approximations to derive a
renormalization group flow. Again, embedding maps are used to relate boundary Hilbert spaces, e.g., the
one of a subdivided hypercuboid to the Hilbert space of a coarse hypercuboid. These embedding maps are,
however, not dynamical and instead geometrically motivated. Take again the example of a hypercuboid: a
refined hypercuboid, consisting of 16 hypercuboids, gives rise to a coarse hypercuboid, whose square areas
are given by the total area of the subdivided squares. Hence, a coarse hypercuboid amplitude is defined as a
superposition of all refined amplitudes giving rise to this coarse geometry.

FESERUSARE IR ARG, BATREAIZ AT TR %5 TR — B0 AR EAE,
(EA TRISMTLOOR S HERARHR, FRE, RS RRBOAF R /R 2 E, fian, Kl
TR TT R B30 5 A /R A R 22 ) SRR AR 77 IR B A ZR (RS 22 A SR RS SR, (HIX L2 R AN R A
R, TR USRS, 75 DU KT AR — S H 16 DK T AR BREIRG A8 K75
R, TR N —MHRALE KT, JeERES RS T A0 mra LR R B, H
R K TT AR IRIEE SO T 7= A2 2oL ) LA B RS R B A

In contrast to TNRG methods, the amplitude itself is not used to derive the renormalization group flow;
instead we compare expectation values of observables for a coarse and fine 2-complex while keeping the
boundary data fixed, such that we represent the same transition in both cases. These expectation values are
computed by numerical integration techniques [101]. For the results to agree and the theory to give consistent
predictions, we must adapt the parameters in the coarse and fine cases. If the expectation values (approxi-
mately) match, the coarse amplitude can be understood as the effective description of the fine one, which

defines a renormalization group flow of the amplitudes projected onto the original parametrization of the
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amplitude. Because of this projection, this method washes out details of the renormalized amplitude. There-
fore, as for other renormalization methods, we obtain a flow under certain assumptions and truncations,

which necessarily must be eventually lifted to check its viability.
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For the renormalization group flow studied for cuboids [44,102] and frusta [103], one parameter plays
a crucial role, the exponent of the face amplitude. It is added by hand to reflect an ambiguity in the defini-
tion of the EPRL model (This ambiguity can be fixed by demanding invariance of the face amplitude under
subdivisions of the faces [104].) without changing the overall form of the amplitude and can be seen as a
modification of the path integral measure. In the cuboid case, the face amplitude can be translated into (a
certain power of) the volume of a hypercuboid. A similar path integral measure has been discussed in quan-
tum Regge calculus [105]. This exponent has a strong effect on the scaling behavior of the amplitude affecting
in the renormalization group flow: for both cuboids and frusta indications for a UV-attractive fixed point
were found, which indicates a second-order phase transition. Indeed, this might be related to a restoration of
(an Abelian subgroup of) diffeomorphisms. Furthermore, in the frusta setting, the parameter space included
gravitational and cosmological constants, which might be related to UV-repulsive directions (for the transi-
tions considered). Further research, in particular lifting of the assumptions mentioned above, is necessary to

show whether these results are robust.
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In addition to coarse graining calculations, the restricted spin foam models additionally opened the door
toward exploring observables on such quantum spacetimes, e.g., the spectral dimension [106] and spin foam
matter systems [107]. However, while these first insights are valuable, the restrictions on the spin foam path
integral must eventually be lifted. Unfortunately, the large numerical costs in the quantum regime [100] are
an obstacle, which is less pronounced for triangulations. An interesting approach, which picks up the idea
to utilize the semiclassical approximation of the vertex amplitude while barely restricting the path integral, is

effective spin foam models.

39



bR TR TR Z5h, 29R BHEEREAIE N R EZIX KR T2 ERYRIILEFTIT 7K1, BNt
4k [106] 1 B BEIEIARYI RS [107], Fid, RERXEGDWHRAIE, X BRI
RRZIERERBOT. B, B XIS S 8IERA [100] Z—KMHR, X—REE=/AH7D
HIRER 2R, AR ETEEREAE —MIREIS [ EITTR, E4RR T A TR IRIE- 2 80 L
AUREES, [RIRTLPAR AR N2,

Effective Spin Foam Models and Their Refinement Limit

AR E e R R RS (LA BR

The various methods for determining the renormalization flow via iterative coarse graining and refining
require some control on the dynamics of the underlying discrete theory. Spin foam models on the other hand
have complex and complicated amplitudes, making the assessment of spin foam dynamics difficult even for
quite coarse triangulations. Although there have been recent improvements of numerical techniques for spin

foams [65, 87, 88,92, 108] , the amount of numerical resources required remains challenging.
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Recently, a new family of gravitational spin foam models, which go by the name “effective spin foams,”
has been constructed in [89, 90, 109]. These new models have numerically accessible amplitudes with a trans-
parent structure, while keeping the universal dynamical properties of spin foams. This has allowed unprece-
dented computations of expectation values [90] and surprising insights into the dynamics of the refinement

limit [110]. In what follows, we discuss effective spin foams and their (perturbative) refinement limit.
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Like all spin foam models, effective spin foams are path integrals over quantum geometries, derived from
loop quantum gravity, and associated with triangulations. Such geometries can be labeled by the discrete
eigenvalues for the areas in the triangulation. One has furthermore so-called intertwiner labels encoding the
quantum shape of the tetrahedra [6]. In effective spin foams, these are assumed to be integrated out for the
bulk tetrahedra. This does reduce the number of degrees of freedom considerably and provides one reason
for the numerical efficiency of the models.
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Spin foam construction is based on an extended configuration space, which is shared by a topological
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field theory. The latter fact allows an exact quantization of this extended configuration space [5]. To obtain
gravity one has to implement simplicity constraints, which reduce the extended configuration space to the
one of (length) metric degrees of freedom. Part of these simplicity constraints are, however, second class
[5, 111]. This prevents a sharp implementation of this part of the constraints, which is therefore imposed
only weakly, but as strongly as allowed by the non-commutativity of the constraints. This non-commutativity
is parametrized by the Barbero-Immirzi parameter [112, 113], which acts therefore as anomaly parameter,
controlling fluctuations away from (length) metricity [114].
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As mentioned above, in effective spin foams the bulk intertwiner degrees of freedom are integrated out.
This leaves us with the second class part of the constraints in terms of the area variables only (That the con-
straints are second class follows also from the discreteness of the area spectra and the polynomial nature of
the constraints. In terms of the area eigenvalues, the constraints appear as diophantine equations, which
have too few solutions to allow for a semi-classical regime [89].). The constraints can be localized to pairs of
neighboring 4-simplices and can thus be associated with the tetrahedra shared by these pairs. For each pair
they force the area variables associated with its 16 triangles to arise from a consistent length assignment to
its 14 edges. Weak implementation of these constraints leads to Gaussian factors G; , whose variances are
determined by the anomaly.
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These Gaussian factors make up one part of the effective spin foam amplitudes. The other part is given
by the exponential (Other choices, like the cosine of the Regge action, which implements a summation over
orientations of the 4-simplices, are also possible [115,116]) of the area Regge action S, . In summary, the
effective spin foam amplitudes take the simple form

TX LB T I AR T RS E B RIRIER — &R, 55— Bk o0 FR T AN B AT 1 F AP s H (AT DR
FIEARIZERE, BIANSCI 4- BT HUARATE AT (R ARG, IXRIRERTAT [115,116]) ) HIAREL A EM S4
o ZiE, AREIEERIRIER] S BN T A

z=Y u@es @] 6. (@ a8)
{a} T

where u (a) is a measure factor to be fixed, for example, by demanding discretization invariance [32].

H u (o) BAFEEAER ¥, Hlane] DOBEE 2R B A MR EE [32].
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Similar to the construction of previous spin foam models from gauge theoretic topological quantum field
theories, effective spin foams can be motivated from higher gauge theory, where the exponential of the Regge
action appears directly (and not only as semi-classical limit) as an amplitude of a related topological quantum
field theory [117-119]. Note that the EPRL/FK models [80, 120] can be cast into a form similar to (18), that is,
as state-sums of products of oscillating vertex amplitudes and products of terms enforcing gluing conditions
between vertices [121].

I ET AT PRH & F 3710 2 B BRIl A 3K B BeitliR n] DA SRR 5 25
Ml: TE ARG, B A Ve e E S E SR & T IR RIRIE H B (AR XVE N 42 8
MeBR)[117-119], F & EPRL/FK B4 [80, 120] AT PAE BT (18) ZRIUIIEK, BIME IR T IR R
TS TR ARG & 25 A TSR AR A IRASAT [121]0

The numerical accessibility of effective spin foams has been leveraged to elucidate the so-called flatness
problem [122, 123]. Their transparent form of the dynamics has allowed a perturbative analysis of the refine-

ment limit [110]. In the following, we will shortly review these results.

AR A e RREE AT M E 29 T I BARIE - EE R [122, 123], HIEMRIzh 1A S
FATTRT DO RS BR BT 04T [110], R SCFRAT PR FRTZESRIRIX 45 R,

Discrete Gravity Dynamics from Semi-classical Limit

K B MR IR E RS 3 h %

The study of the semi-classical limit of spin foams [8,10,11,124], i.e., of the limit # — 0 (For spin
foams, this is the limit of large areas associated with the triangles in the triangulation.), has revealed that
configurations with non-vanishing curvature are suppressed [123]. This suggested that spin foams might not
lead to general relativity and became known as "flatness problem” [65, 122, 123, 125-127].

X B HEEK [8,10,11, 124] FEEHUARIR, BIRIR 7 — o N BRI S, ZRRIE=A519H=
FATEXR R EFRIAR IR ) B REH, JEZahR AR S il [123], X WA B etk r] fETCTE S
AR, ZIAEEERR PRI [65, 122, 123, 125-127],

Although the flatness problem has been first identified for EPRL/FK models, it has been shown that it
is a generic (A second more technical requirement is that the action is not stationary along the gradient of
the constraints. Thus, examples where second class constraints are used for gauge fixing constant directions
in the action avoid this problem.) feature for path integrals with weakly imposed constraints [89, 90]. As the
need for weakly imposed constraints follows from the discreteness of the area spectra [89], one has to expect

a version of the flatness problem for all models with discrete (and approximately equidistant) area spectra.

BIRTHE M AR ¥ /2 /£ EPRL/FK BRI AR IR, (HEMGERT e 99 N2 R AT AR o i iE
FIER (B =D BRI R E R BIRLRBE A TAR, B, MR ZRAREEEH RS R
BT FRERI B 7 AT ARSI 17)780)[89, 90, FH T IR B B R MEIRE 1205 | ASSHEANZTER [89)],
PRt R PAYSUEARR A B A (BT AR ) T AR (R AR A A — A [~ E P AR
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But with the insight that the flatness problem results from an anomalous constraint algebra arises a
resolution, namely, that together with the # — 0 limit, one also has to take the anomaly parameter, thus the
Barbero-Immirzi parameter, to be small [90,128]. Now, as the Barbero-Immirzi parameter does control the
spectral gap for spatial areas [45, 129, 130] , one would like to know how small the Barbero-Immirzi parameter

has to be, in order to allow for a semi-classical regime with gravitational equations of motion.

(EINREEIE PR AR T S QRS wikEN T — MRRTT R Il 7 — 0 ARFREVFEIR, 32
HULRFEZE (MBS -JOKEFSE) &L T/ & [90,128], BEARAE T -k BT S8l
ARG [45,129,130] , FAIHFEANEE N -OEREF2HEEZ/D, A REARVFFIEN
K51 118EN TR R BLX I,

The computational advantages of effective spin foams allowed the first explicit computation [90] of ge-
ometric expectation values for a triangulation, sufficiently large to test the equations of motion. The results
have shown that (effective) spin foams do implement a discrete version of the Einstein equations. The range
of allowed parameters is larger than suggested by simple scaling arguments [90, 128] and includes, even for
large curvature of the classical solutions, Barbero-Immirzi parameters as large as ~ 0.1 — 0.2 . This range

includes values, which are suggested by black hole state counting [131-134].

AR E BEEIRAH BB I FE B OO =M E 0 i LR E R T 2R [90], Z=f#]
SHRIER, W DS IIaE TR, SRR, (R0 B IeiiRisse il 72 A AR P 7o
VPSS EUTE ] L AT SR R TE T BE K [90, 128], BTSSRI RMZIE, RUFEINS -G
KEFZHERAAIE ~ 0.1 - 02, X MEE B S REEHHSA HISEUE [131-134],

This has resolved the flatness problem for small triangulations. One might however ask whether the
flatness problem reappears for triangulations with many building blocks. Considering larger and larger tri-
angulations, we have more and more degrees of freedom describing fluctuations away from length metric

configurations. These might turn out to dominate in the refinement limit.

XA T/ N= A E o BRI R, BB DRI £ E S KREMWERN=A%InH, F
HPERIEUE A 2 FHREIE? 4 =M &0 BOREORN, AR RO B i, Akt K
JE AR . X EFRIE AR AMERIR PRI RES SR E S

The Perturbative Refinement Limit of Spin Foams

H eI R R TR

Ignoring the measure term, we can extract from the effective spin foam amplitude (18) an action

RS, FATAT ANA R B BEEIRIRIE (18) P2l — MEM &

S=SA(a)—121nGT(a). (19)

The works [110, 135] assume that one can apply the background field method to effective spin foams
and therefore considers an expansion of the action (19) around a flat solution. More precisely, one considers
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triangulations with the symmetries of the hypercubical lattice, embedded into flat space. This embedding of
a hypercubical lattice comes with two parameters, namely, the lattice constant (defined by the background
lengths of the edges of the hypercubes) and the number N* of hypercubes in the lattice. Choosing N large, we
can consider fluctuations with a large wavelength as compared to the lattice constant. Truncating the action
to quadratic order in the fluctuations, we can apply a lattice Fourier transform, and fluctuations of different

wavelengths will not interact with each other.

SCHR [110, 135] (RIEH RI7 77 A M T AR EBEIRIR, B ERIEHAE 19) BS-FERRIT,
SR, FTEIERI =AM BRSO FRE, IRATEF B R, XA R S
RN SN NS, B U (RN T A IS RAEERE SO FIMS s AL 7T R RCR N o i
PEEURHI N I, FRATTAT DA IR HURS MU BOIR Z ROBKE . Ko/ FH BT 25Ky 19 — kB, A1
A DAN AR A, AR ABKYE Z A S R A EAER,

In the refinement (or continuum) limit we consider the dynamics at wavelengths much larger than the
lattice constant. Here it is important to identify terms in the action, which have a homogeneous scaling in the
lattice constant. Such terms can be identified after applying a variable transformation to a set of variables that
describe an area metric. An area metric [136] measures the areas of parallelograms in the tangent space. It
has 20 components as compared to the 10 components of the length metric. One can however define a length
metric from an area metric [137] and thus split the area metric into length metric and non-length-metric

degrees of freedom.

TEREML (RESE) WBR T, TATHIFRAIZ AR TAS B Bz 15, X EOCHER R tH R & A%
RUEBEISIPRERII, X 2EITA] DA R mA AR AL B B HUS 152, M [136]
T 2 [A) AT P A TR T AR, AR 10 Ny EAE b, TERERLE 20 D&, I Fd]
A DA AR ARAE SCHS A FE R [137],  AATRF TRTAR EE R 20 o4 1 B EE AR B E AN FE AR
1:38

The action for the length metric degrees of freedom is of zeroth order in the lattice constant and provides
the dominant part in the continuum limit. This action agrees with the linearized Einstein-Hilbert action.
Integrating out the non-length-metric degrees of freedom, one finds a subleading correction (at quadratic
order in the lattice constant) to the Einstein-Hilbert action [110]. This correction is given by the square of the
(linearized) Weyl curvature and arises because of the extension of the configuration space from length to area

variables.

KA B BN AR B =AU BIE N T, ZESRR S ESE 2, ZEHESSIEL
ZKHHH-F/R AR EH & —8. MEEREEMEHREE, RMNSESZREUE-fR/REREHE
HIRIKAZIE (R RHE B ZIRBN)[110], KB IEH (ZMEth) SMREREE T4 H, R
ZRNKEZ RS R T AL R,

This behavior is explained by the fact that the length metric degrees of freedom are massless (the part of
the action quadratic in these variables is also quadratic in derivatives), whereas the non-length-metric degrees
of freedom come with a mass, determined by the lattice constant. Thus, these non-length-metric degrees of
freedom essentially localize onto regions with size of a few lattice constants. Surprisingly, the dynamics of the
area Regge action itself provides such mass terms - one actually does not need the constraint terms in (19).
Adding these constraint terms, one does affect the mass terms, but it does not change the structure of the
results [135].
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X R AT DAR DU S e KM B B RO iR R (fF B X A 8 ) — R R N2
SRR, MARKEEM B B A S R ROUE R R R, Eit, XEAEREEME hE
AR LM AU BOV NI XN, 2 ARIFRR, mREEEHEAS s h¥#aat 7
IXEFEIT— PR L (19) FRIZTRIGF R AFR, BINXLELRTHL 2K REI, HAS
R EE RITEEH [135].

As the various spin foam models differ in the details of their constraint implementation, these results hint
at a universality mechanism that arises in the continuum limit. This is confirmed by an analysis that starts
directly with the continuum field theory, underlying spin foam construction, namely, the Plebanski action [7].
The weak implementation of the constraints can be modeled by a modified Plebanski action [138, 139], where
the constraints are replaced by mass terms. Using this approach one can model the extension of the length
metric configuration space to an area metric configuration space [137]. Integrating out the non-length-metric
degrees of freedom one finds again the Einstein-Hilbert action with a correction, given by the square of the
Weyl curvature [137].

B TR B BEE AR R 2 RSB T A AR, _EIRSERBETRIESARIR N FE — R IEALH, X
—RELRENINRIUE, o EfEM B IEEIRIIE underlying FES716 RIS SRILITE(E &
[7] Hi%. S5LTRAT DARME AR 15 SRPE TV A A [138, 139], H A IR Hoh E I,
{5 P 32 75 TR FATT AT DA R AR 2 2 [ 2 T AR R A PR 8 TR O R A [137] R R AR AL
HHEE, B[R EIVRIER- 75 B IERZ HEHE- /R AR EH & [137].

To summarize, effective spin foams have in particular allowed to probe the aspects of spin foam dynamics,
which arise from the extension of the configuration space of length (metric) variables. Applying a “naive”
semi-classical limit # — 0, this extension leads to the so-called flatness problem. This issue can be resolved
by recognizing that the Barbero-Immirzi parameter is an anomaly parameter and has to be chosen to scale with
# for a proper semi-classical limit. Explicit computations of expectation values in effective spin foams have
identified semi-classical regimes with a gravitational dynamics, allowing for finite small values of # and the
Barbero-Immirzi parameter [90]. One can furthermore consider a perturbative continuum limit [110, 135].
This reveals that all the non-length-metric degrees are massive, whereas the length metric degrees of freedom
are massless. Thus, in the continuum limit, the non-length-metric degrees of freedom are suppressed. This
provides a mechanism for resolving the flatness problem in the continuum limit, which works for arbitrary

values of the Barbero-Immirzi parameter.

BIME <z, BB RERITEAFRNRTT B IEERE N ¥H, BRKE (EMN) ZEARZ R e
HRIVEHE, A “FhR” PEINRR 7 - 0, XA RS SBOMBI AR, ZR-AT O
W Rgh SRR BT -ERRF2HE P RESY, ZRAIGERFEINRIR, C2kE 7 bR
&, B3 E bEERHHEERN B R LA ES 8 LR, R XIRAVF 7
BN -ERIRFFSEIA R/IME [90], FRATIER] DAE— 25 BILIESANIR [110, 135], £55R5RM
FTE RSB A AR AR, MKERMEHERICHRER, RIREESRRT, FRE
JERLE HEUEAR, IRt T —RESAR R T RO B R AALE], AL ER I -
KIRTTSREEARRAL,

The lattice techniques developed in [110, 135] may also allow to extract a renormalization flow for the

perturbative effective action, along the lines of [25].
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Concluding Remarks

SR

Gravitational spin foams are defined on triangulations, which act as regulator in their path integral con-
struction. This makes spin foams regulator (i.e., triangulation) dependent. It furthermore breaks diffeomor-
phism symmetry and introduces many unwanted ambiguities. We have argued that all these issues can be
resolved, if one constructs improved and perfect actions. Such actions lead however to nonlocal couplings,
which are difficult to handle in particular for the spin foam framework. Nonlocal couplings are avoided in the
consistent boundary formalism. It provides a renormalization framework that serves to construct consistent
(i.e., regulator independent) amplitudes in background independent theories such as spin foams, for space-
time regions with more and more complex boundary data. To implement this in practice, one has to choose
truncations. Importantly the consistent boundary framework allows to identify truncations that are adapted
to the dynamics such that they minimize the induced error for the evaluation of the partition function. Tensor
network coarse graining provides concrete algorithms that can be used to implement the consistent boundary
framework. Originally constructed for 2D systems, they needed to be improved and modified to allow appli-
cations to higher-dimensional systems with gauge symmetries. In particular, decorated tensor networks have

been successfully applied to 3D non-Abelian lattice gauge systems, emulating spin foams.

510 BBERIRE KA =/AH b, =fAEln B RS S IENEER. IX6ES E BRIk
T ENIEs (RI=/AH150). BB RN, HIIAFZPRERNE L, BITELIE
U, EHESGHIERERE, FraXE AR DGR, HIXRMEHES SEAREEMS,
IXSERE S U DATE B BefEARAEZR P AL B, AR & AT DAE — BOASE i o, e et
—ANEBAEZ, FTHTE B IEERIXEE RICREICH, il SEERBOR R % AN 22 XIS iE
—E (AIAMRBUE NI EAS) BIIRNE, ZLPREBIX —A, TAIRINESEENT, EER, —B0L5UE
ZRA] DORAIIERCEN /1R, MITRIEC 2 R 0T B AR RS SIRZERE 2 RAR, sKEMZTRA IR I
TR TSR - BOL SRR BAARIR, IR RGNS, HREATHOHAENCS fE
R T A VO PR PER 4 R Gt R A2 R T ok B P 4% C 22 i Sh I TR 400 B et vk ) =49
Bl DURAS sALTE R St

Applying such coarse graining algorithms to the 4D gravitational spin foam models remains an enor-
mous computational challenge. This is in no small part due to the complexity of the spin foam amplitudes.
We presented two approaches that lead to a simplification of the amplitudes (which can also be combined).
Restricted spin foams combine a symmetry reduction of degrees of freedom with semiclassical approxima-
tions. This has allowed to derive a renormalization flow, which illustrated the restoration of a partial set of
diffeomorphism symmetries at the fixed point. Effective spin foams are much more accessible to numerical
computations than traditional models and offer a transparent encoding of the dynamics. These features can
be leveraged to show that the flatness problem, which seemed to endanger a suitable semi-classical limit for
spin foams, can be resolved both on the discrete level and in the refinement limit.
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In particular, effective spin foams allowed for a perturbative refinement limit. This is described by the
Einstein-Hilbert action and a Weyl squared curvature term. The latter arises from a key feature of spin foams,
namely, the extension of the underlying configuration space from length to area metrics. Although this ex-
tension is forced from the discrete area spectra of loop quantum gravity, we should note that the found action
does not capture directly the effects resulting from these discrete spectra.

RAlig, A5 A EER RV F MR RIR, 20 IR i 2 RIE- A /R E R E I R AR 75 R
R, f535 KU T B IEEERE— MORHE, BUHESRHA RS A M R R 2 T A &
R 2 8 & 151 0 R ARG A 2R K, [ERMNF LSRN, BNSZINEHREHREER
PR X A T A H SR AR

In closing, we remark that many questions about the non-perturbative refinement limit remain open.
Spin foams feature many degenerate configurations, e.g., so-called vector geometries [10,11,87,88] , that
might turn out to dominate in the limit. This holds even more so for Lorentzian signature models [140-142].
In addition, Lorentzian models can also feature topology change, e.g., generation of baby universes [91, 109].

Luckily, effective spin foams allow for an easier control of such configurations.

BRIGBATZERH, R TAEMPUR AR R ATVF 2 AR A R, ek AR R M AR, I
GUFTIBRYIA R LA [10,11,87,88] , IXLEMRIAIRERAEMIRH G £ T, XAEIEIRCRE S EH
RIS [140-142]c AL, TEACAAIERIE AT REFEIRFNELL, BIANZ) LT H A9 2E [91, 109],
FBHE, ARE e A] DU AR XA,

Many non-perturbative (Euclidean) lattice approaches suffer from the conformal factor problem [13].
This leads, in, e.g., Regge calculus, to an abundance of spike configurations [143], that is, vertices, where
all adjacent edges have (arbitrarily) large lengths. A related problem for spin foams are bubble divergences
[144-148]. To achieve a suitable non-perturbative refinement limit, it will be essential to control such diver-
gences. A first step would be to show that spike configurations can be dealt with in Lorentzian quantum
Regge calculus.

P2 AR (IR EQ) 48 mUT IRE AR A 7 A [13] BIANEEE MBI, XESBU-AERE
RIERT [143], RIFA ARG KR (ER) IRARMITUR. B BEERH— MK SR iR & B [144-
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